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Preface 


Some time ago I published a small piece* dealing with a charming little essay on ‘the 
state of ether in magnetic fields’, which the sixteen-year-old Einstein had written while 
he was awaiting admission to the E.T.H. in Zurich. This paper sought to trace the 
continuity between Einstein’s early interest in electrodynamics and his later work on 
the special and general relativity theories. On reading this paper, Professor Eugene 
Wigner asked me whether David Hilbert had not independently discovered the field 
equations of gravitation.** His impression from his stay in Gottingen (where Wigner 
had been Hilbert’s assistant for one year in the late nineteen-twenties) was that 
Hilbert had indeed done so, and he asked me if it was true. I replied to Professor 
Wigner about Hilbert’s contribution to the theory of gravitation.t He kindly encouraged 
me to expand my account to deal with the intricate and exciting details of the early 
years in the formulation of the general relativity theory of gravitation. This is what I 
have sought to do in this study. 

Albert Einstein created the general relativity theory of gravitation and dominated 
its development through the rest of his life. His early work on the theory of gravitation, 
from 1912 to 1916, had the drama of high adventure. It culminated in the establishment 
of its foundations which have remained unassailed by the theoretical and experimental 
work of succeeding decades. 

David Hilbert, the great mathematician, was fascinated by Einstein’s work on 
relativity and Gustav Mie’s work on electrodynamics, and he decided to construct a 
unified theory of gravitation and electromagnetism. In two communications to the 
Gottingen Academy of Sciences (on 20 November 1915 and 23 December 1916), 
Hilbert developed his theory of the foundations of physics on an axiomatic basis. In 
the first of these communications he derived the field equations of gravitation and 
electromagnetism, and the conditions governing them, by employing a world function 
and the variational principle. Hilbert savoured the fact that his derivation of the 
equations, though inspired by Einstein’s earlier work on general relativity, was arrived 
at independently by means of the powerful mathematical tools at his disposal. He 
considered his formulation as a triumph of the axiomatic method. Moreover, Hilbert’s 
derivation was presented five days before the communication to the Prussian Academy 
of Sciences in Berlin in which Einstein, on 25 November 1915, motivated the existence 


* ‘Albert Einstein’s ‘‘First’” Paper’, Science Today (April 1971); ‘Albert Einsteins erste wissenschaft- 
liche Arbeit’, Physikalische Blatter 9, 385-391 (1971). 

** See Appendix. 

tT See Appendix. 
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of the final form of his equations of gravitation. In certain essential respects Hilbert’s 
formulation went beyond Einstein’s. 

Einstein was very critical of Hilbert’s axiomatic method. ‘I do not like Hilbert’s 
formulation,’ he wrote to Paul Ehrenfest. ‘It is needlessly specialized and, as far as 
matter is concerned, unnecessarily complicated. It is not honest (=Gaussian) in 
design, and reflects the pretension of a superman by a camouflage of techniques.’ 

Einstein, at that time, was also critical of the efforts of Mie, Hilbert, and Hermann 
Weyl to construct a unified field theory of gravitation and electromagnetism. After 
1925, such a programme became his own primary mission. Einstein returned time and 
again to the question whether one could obtain the quantum of action from an over- 
determination of the field variables, and then he sought to abolish the quanta by 
means of his unified theory. His attempts at formulating a single field theory of all 
physical phenomena did not succeed. 

The undeclared goal of Hilbert’s two communications was to build a unified field 
theory of gravitation and the electromagnetic structure of matter: a universal law 
accounting both for the structure of the cosmos as a whole and of all atomic nuclei. 
Hilbert had this vision before Einstein and Weyl, and in this respect he was also the 
earlier failure. 

In this study I have sought to give an historical account of the intellectual struggles 
of the fascinating period from 1907 to 1919 when the foundations of the modern theory 
of gravitation were laid. 

I wish to thank Dr Helmut Rechenberg for his assistance in the examination of 
primary sources in the preliminary stages of this investigation, and in the verification 
of my conclusions (such as Hilbert’s rediscovery of the Bianchi identities). 

Professor Lothar Frommhold went over the translations of numerous original 
German quotations with me, and I am indebted to him for this assistance. 

Several persons read a draft manuscript of this study. I am grateful for the invaluable 
comments of Professors Peter Havas, Pascual Jordan and Andrzej Trautman. I am 
expecially indebted to Professors B. L. van der Waerden and Arthur Wightman whose 
painstaking reading and detailed comments have helped to improve this study at 
various places. Professors S. Chandrasekhar, Robert Dicke, P. A. M. Dirac, Julian 
Schwinger, Ivar Waller, John Wheeler, and Eugene Wigner also read the manuscript 
and encouraged me throughout, and I am grateful for their support. For any errors of 
fact or interpretation that remain, I alone am responsible. 

JAGDISH MEHRA 
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Whence this creation has its origin, 

Whether created whether uncreated, 

He who looks down from heaven’s highest seat, 
He only knows - or does He know not either? 
Rig-Veda, Mandala X, Hymm 129. 


ayewmpétpyntos pndsic cicitw 
“Let no one destitute of geometry enter.’ 
Legendary inscription which adorned Plato's Academy. 


Why waste words? Geometry existed before the Creation, is co-eternal with the mind of 
God, is God himself (what exists in God that is not God himself?); geometry provided 
God with a model for the Creation and was implanted into man, together with God’s 
own likeness — and not merely conveyed to his mind through the eyes. 
Johannes Kepler, Harmonice Mundi, 
Lib. IV, Cap. I, Gesammelte Werke, Vol. VI. 


Therefore I chance to think that all Nature and the graceful sky are symbolized in the 

art of geometry .... Now as God the maker play’d He taught the game to Nature whom 

He created in His image; taught her the self-same game which He played to her. 
Johannes Kepler, Tertius Interveniens. 


Life must not cease. That comes before everything. It is silly to say you do not care. 
You do care. It is that care that will prompt your imagination, inflame your desires, 
make your will irresistible, and create out of nothing. 

The Serpent to Eve, in George Bernard Shaw, Back to Methuselah, Act I. 


l. INTRODUCTION 


The modern theory of gravitation, more than any other theory in physics, is connected 
with the name of a single personality, that of Albert Einstein. Almost immediately 
after he had published his work on the theory of special relativity, Einstein restlessly 
moved on to incorporate the effects of gravitation in a consistent theoretical frame- 
work. Indeed this problem occupied him so much that he essentially abandoned 
quantum theory for many years, a field to which he had made singular contributions. 
A letter to Sommerfeld, dated 29 October 1912, gives evidence of the situation. Ein- 
stein wrote: 


Dear Colleague: Your kind note only adds more to my predicament. But I assure you that with re- 
spect to the quantum [theory] I have nothing new to say that should arouse interest.... I am now 
exclusively occupied with the problem of gravitation and hope, with the help of a local mathematician 
friend [Marcel Grossmann], to overcome all the difficulties. One thing is certain, however, that never 
in life have I been quite so tormented. A great respect for mathematics has been instilled within me, 
the subtler aspects of which, in my stupidity, I regarded until now as pure luxury.* Against this prob- 


* Writing to the physicist Paul Hertz at about this time, Einstein said that he had been ‘a mathematic- 
al ignoramus until I reached this shore’. [I am grateful to Rudolf Hertz, the son of Paul Hertz, for 
sending me a photocopy of this letter.] 
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lem [of gravitation], the original problem of the theory if relativity is child’s play. Abraham’s new 
theory*, so far as I can see, is indeed logically correct, but otherwise a monstrous embarrassment. 
The hitherto existing relativity theory is certainly not as wrong as Abraham seems to think. 


Almost all the physicists of the first rank were absorbed at that time in an effort to 
understand the quantum problem which the work of Einstein, more than even Planck’s, 
had brought to the forefront. Einstein had pushed the quantum problem into the back- 
ground in his own work, having ‘nothing new to say’ about it for the time being, as 
he wrote to Sommerfeld. He was fully absorbed in ‘generalizing’ the relativity theory 
to include gravitation. Still, he did not develop his ideas on gravitation in isolation 
or in a vacuum of response from eminent physicists. Contrary to the lore which has 
become fashionable among the ‘relativists’ nowadays, Einstein had the full benefit 
of the cut and thrust of scientific debate with some first-rate minds in the development 
of his theory of gravitation. Indeed there were even those who made valuable, even 
crucial, contributions to this theory. 

It is convenient, for the sake of discussion, to single out three distinct stages in the 
early development of general relativity, each of them brief in its duration. During the 
first period, from 1907 to 1914, Einstein attempted to formulate and sharpen the 
principle of equivalence, and engaged in numerous discussions, especially with 
Abraham and Nordstrém. The second period, from 1912 to 1914 which overlapped 
with the first, was one in which Einstein and his friend Grossmann incorporated 
into the new theory differential geometry and other great mathematical structures 
of the nineteenth century. During the third period, 1915-16, the field equations of 
gravitation were formulated by Einstein, were independently derived by Hilbert, and 
the mathematical structure of the equations was clarified. We shall discuss this lively 
development which culminated in the establishment of the general relativity theory 
of gravitation. 


2. STEPS TOWARDS A NEW THEORY OF GRAVITATION 


2.1 THE PRINCIPLES OF EQUIVALENCE AND RELATIVITY 


As soon as the so-called theory of special relativity was formulated, Einstein sought 
for ways of ‘generalizing’ it. In his article on ‘The Principle of Relativity and Its 
Consequences’, which he wrote in 1907 for the Jahrbuch der Radioaktivitat und Elek- 
tronik, he already suggested the equivalence between a gravitational field and an 
accelerated frame of reference.2 Two points from this article are of great interest in 
the present context. First, the strong expression which Einstein gave to the assumption 
of proportionality between the inertial and gravitational masses of a body. 

The proportionality between the inertial and gravitational masses holds for all bodies without 


exception, with the [experimental] accuracy achieved thus far, so that we may assume its general 
validity until proved otherwise.* 


He then took a stand with respect to an extension of the special theory: 


* We shall discuss Abraham’s work later on in its proper context. 
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Is it conceivable, that the principle of relativity also holds for systems which accelerate relative to 
each other? This is, of course, not the place for a detailed discussion of this question. But since this 
question must occur to anyone who has followed the applications of the relativity principle made 
hitherto, I shall not fail to mention it here.* 


Einstein considered two systems 2, and Z,, one at rest in a field of constant gravity, 
and the other undergoing a uniform acceleration with respect to the first. The laws 
of physics then do not allow one to make any distinction between the two systems. He 
stated: 

Hence, on the basis of our actual experience, we have no reason to suppose that the systems 21 and Ze 
can be distinguished from each other in any way. We shall therefore assume complete physical equi- 
valence between the gravitational field and the corresponding acceleration of the reference system. 
This assumption extends the principle of relativity to the case of the uniformly accelerated transla- 
tional motion of the reference system. The heuristic value of the assumption lies in the fact that it 


allows a homogeneous gravitational field to be replaced by a uniformly accelerated reference system, 
a fact which, to a certain extent, makes it amenable to theoretical treatment.5 


Einstein then considered the properties of space and time in a uniformly accelerated 
frame of reference and found corrections only of the second order to the spatial 
shapes of bodies, but ‘the process which occurs in watches ~— indeed any process, in 
general — takes place faster the larger is the gravitational potential present at the space 
point in question.’® From this he derived the result ‘that the light coming from the 
surface of the sun has a wavelength which is larger by two parts in a million than the 
one produced by the same atoms on earth.’’ Einstein further concluded that light 
beams, which do not travel along the axis of the acceleration, are bent by the gravita- 
tional field, leading to a decrease of the velocity of light which is proportional to the 
gravitational potential.® 

Einstein’s paper of 1907 may be regarded, certainly in the published literature, as 
the explicit starting point of the theory of general relativity, in which several of the 
assumptions and results to be justified later on were already present. With respect to 
the two central points of his theory — the equivalence of the inertial and gravitational 
masses and the principle of general relativity of uniformly accelerated frames of 
reference — Einstein would later on turn out to be rigid and uncompromising in all 
discussions with his competitors, and both of these ideas were present in his memoir 
of 1907.9 

At this time Einstein’s hypothesis of the light quantum was barely two years old, 
and he was deeply involved in the problems of radiation and the quantum theory. 
These problems would occupy him fully for another four years before he would 
return to work on general relativity in 1911].1° 

In a lecture to the Naturforschende Gesellschaft on 16 January 1911, shortly before 
he left Zurich to take the chair of physics at the German University of Prague, Einstein 
presented a synopsis of his ideas on special relativity.11 The chair of physics in Prague, 
which had been occupied before him by Ernst Mach, proved to be very stimulating 
for the progress of general relativity. In June, 1911, Einstein submitted a paper to the 
Annalen der Physik, improving his earlier statements of 1907 on the action of gravita- 
tion on the propagation of light.12 
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What was new in this derivation in which he again denied the existence of an absolute 
acceleration? Einstein showed that, from the equivalence of an accelerated frame of 
reference with a corresponding rest frame including a static homogeneous field of 
gravitation, the identity of inertial and gravitational masses can be derived. Again 
the velocity of light turns out to be 


($) = (1 - 5) (a) 


where ¢ is the (negative) gravitational potential. Hence ‘the principle of the constancy 
of the speed of light, according to this theory, is not valid in the same manner as it 
serves to establish the ordinary [special] theory of relativity.15 With the help of 
Huygens’ principle and his theory of gravitation Einstein derived the important con- 
sequence, that ‘a light ray passing close to the sun would suffer a bending of 0.83 
seconds of arc.’ 14 


2.2 ABRAHAM’S OBJECTIONS 


It was already at this early stage in the development of general relativity that Max 
Abraham entered into the discussion.!5 In a series of papers, Abraham formulated a 
theory of gravitation, starting from Einstein’s consideration of a velocity of light 
dependent on the gravitational potential.!® He assumed the existence of a potential ¢ 
[on the (four-dimensional) gradient of which the ten components of the (symmetric) 
gravitational tensor would depend].” In his calculation, the dependence of the veloc- 
ity of light c on the gravitational potential turned out to be, 


c*7 
Cae i (2) 


which agreed with Einstein’s expression (1) in the first order. 

On considering the attraction of two masses, Abraham found that the gain of 
kinetic energy when the masses approached each other was only one-half of the loss 
in potential energy, leading to the conclusion that the gravitational field also contains 
energy.1® He derived an expression for this field energy density, 


_ 1 f(ag\’ _ (86\’  (8¢\" . (46\’ 
~ ay (ae) *(a5) * (Ge) * (5a) f o 


y being the constant of gravitation. This expression is essentially positive definite, 
due to the fact that the plus sign appears in the last term within the curly brackets. 
The reason for this change of sign lay in a new Ansatz for the ‘hydrostatic pressure’ 
of the gravitational field.19 The non-covariance under Lorentz transformations did 
not bother Abraham, since he found that invariance was missing even in infinitesimal 
regions.2° One of the consequences of this theory was the dependence of the rest mass 
My on the velocity of light 
M 


mo($) = 5) 


(4) 
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which agreed with Einstein’s energy-mass formula in the first approximation.?! 
Newton’s law of gravitation did not, however, follow strictly from this theory, and 
had to be replaced by 


Pe A B 
r? r’ 
where 
Bym 
A 2? 
then, in general 22 
2 1 5 
ae 2 


Abraham’s theory had certain peculiarities which were quite unusual from the 
‘relativistic’ point of view. First, the absolute value of the potential entered through 
Equation (2).23 Second, his theory did not throw any light on the problem of matter, 
emphasizing rather the essential disparity between the dynamics of the electron and 
the theory of the gravitation.24 

These features brought Abraham immediately into conflict with Einstein whose 
physical reasoning and mental attitude were against them. Abraham had produced 
a theory which, in Einstein’s view [as he noted in his letter to Sommerfeld quoted ear- 
lier 1], was ‘logically correct, but otherwise a monstrous embarrassment’. In a paper 
on ‘The Velocity of Light and the Statics of the Gravitational Field’, Einstein critt- 
cized Abraham’s theory and summarized his own point of view.25 His main argument 
was that ‘Abraham’s system of equations cannot be brought into accord with the 
equivalence hypothesis, quite apart from the fact that his treatment of space and time 
could not be upheld from a purely formal mathematical point of view.’ 26 Einstein 
again dealt with the equivalence between the static gravitational field and a uniformly 
accelerated frame of reference, suggesting the following relationship between the 
second derivatives of the velocity of light and the gravitational source term, 


Ac = yce, (6) 


where y» is the universal gravitational constant, y=42k/c?, and g the mass density.27 
He improved upon this equation in a later work, replacing it by 


1 grad*c 
de=r}eo+>* } (6’) 
ZY) 3G 


where the second term expresses the energy density of the gravitational field.2® In 
the case of small velocities, v<c, 4c may be replaced by 4@, ¢ being the gravitational 
potential. The usual gravitational constant y is therefore no longer a universal con- 
stant.29 

Having deduced the conservation of energy and momentum for a particle in the 
static gravitational field, Einstein commented on the space-time problem: 
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The space-time problem seems to me to be as follows. If one restricts oneself to a region of constant 
gravitational potential, the laws of nature would then assume an especially simple and invariant form, 
provided one refers them to that manifold of space-time systems which are related to each other by the 
Lorentz transformations of constant c. If one does not restrict oneself to regions of constant c, then 
the manifold of equivalent systems as well as the manifold of transformations which leave the laws 
of nature unaltered would become larger, and because of that the laws would become more com- 
plicated.*° 


In his next paper, Einstein discussed the influence of a static gravitational field on 
electromagnetic and thermal processes.28 Similar to Abraham, he found [see Equation 
(4), for example] that some of the conventional expressions have to be multiplied by 
the varying light velocity c to form ‘scalars’. For instance, the energy density of the 
electromagnetic field is given by 


4(6? +307) +5 (67 + 207), 1) 


or the genuine temperature T is given by 
T =cT", (8) 


T* being the usual temperature. 

Einstein’s clarification gave rise to a strong and lively discussion between him and 
Abraham.?! In his note on ‘Relativity and Gravitation, Reply to an Observation of 
Mr A. Einstein’, Abraham insisted on the validity of the Lorentz invariance in in- 
finitesimal regions, emphasizing the existence of an absolute system in which the 
gravitational field is quasi-static.2? Einstein gave further clarification of the theory of 
relativity, since Abraham had concluded the ‘breakdown’ of that theory.34 Abraham 
had also rejected any relativistic space-time concept, including the general space-time 
transformations.*4 These criticisms had to be answered, and Einstein did so very clearly 
by stating the two assumptions of special relativity, namely (i) the principle of relativity, 
claiming that no absolute frame of reference should exist, and (ii) the constancy of 
the velocity of light. The latter has to be given up if non-inertial frames are admitted, 
in agreement with the first principle. 

Abraham was not very impressed by Einstein’s answer, and he repeated his doubts 
in a second note.35 He accepted the equivalence of inertial and gravitational masses, 
as established by the experiments of Edtvés3*, but did not wish.to imprison this 
result into the equivalence hypothesis concerning the frames of reference. As for 
Einstein he proceeded to establish his claims within a few years.3? 


2.3 NORDSTROM’S THEORY 


Abraham had certainly stimulated Einstein to strengthen his efforts. In the same year, 
1912, a series of papers on the relativity principle and gravitation was published, 
which led to a more friendly and fruitful discussion with Einstein. The author of 
these papers was Gunnar Nordstrém of Helsingfors, who proposed in them the first 
consistent theory of gravitation.38 Nordstrém started from the question whether one 
could construct a consistent theory of gravitation in which the principle of constancy 
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of the velocity of light would be maintained, since the Abraham—Einstein discussions 
seemed to have shown the difficulties of the whole idea of relativity if one allowed for 
a variable velocity of light. With Abraham, Nordstrém introduced a gravitational 
potential 


Od = 4nkoy (9) 


where k denotes the gravitational ‘constant’ and gy the rest-density of matter. Then 
the constancy of the velocity of light c can be maintained provided one allows for a 
change of mass with the gravitational potential, 


m=m,e*!, = g = 4nk. (10) 
In his second note, Nordstr6m supplemented Equation (9) with equations for the 
gravitational force, 


aay (u =0, 1, 2, 3). (11) 


K,== 
B 9o ax, 


The system of Equations (9) and (11) would thus form a complete basis for the theory 
of gravitation. The gravitational factor g, however, does not turn out to be constant 
if the principle of equivalence of gravitational and inertial masses is to be preserved.4° 
The rest density, according to Laue, is defined as 


l 
09 =— e Tr shen (12) 


where T,,, = the matter tensor. The dependence of g on the gravitational potential is 
then given by 


9 ($0) 


IP) = 13 
(¢) = a $0) (13) 
(¢ - 0) 
which guarantees the numerical equivalence between the inertial mass 
Jo 
Ls mo + a (p — +.)| (14) 
and the gravitational mass 
M, = | 9(¢) eo d°x, (15) 


to a certain extent, which we shall discuss later. The role of the gravitational potential 
dp 1S to define the scale between gravitation and the other laws of nature. 
Nordstrém’s theory was the first attempt to provide a consistent approach to the 
problem of gravitation, a fact which was acknowledged by Einstein himself.4! In a 
lecture on “The Present Status of the Problem of Gravitation’, delivered at the Eighty- 
fifth Conference of Natural Scientists in Vienna, in 1913, Einstein discussed the hypo- 
theses and theories of gravitation. He listed the general postulatés which may be valid 
in a theory of gravitation4?: (i) energy-momentum conservation is satisfied; (ii) 
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gravitational and inertial masses of closed systems are equal; (iii) special relativity is 
valid; (iv) the laws of nature do not depend on the absolute value of the gravitational 
potential. In discussing these, Einstein remarked that postulate (i) should be generally 
accepted, while postulate (iii) might not be valid except in regions of constant gravi- 
tational potential. The second postulate, he thought, ought to be included because of 
the experimental evidence, while postulate (iv) could only be justified by the simplicity 
which the laws of nature obtain once it is applied. Nordstrém’s theory is derived from 
a scalar potential and satisfies these four postulates.42 Among the theories of gravi- 
tation which should be regarded as the ‘most natural’, Einstein mentioned Nordstrém’s 
theory and his own new theory worked out in collaboration with Grossmann. He 
derived Nordstrém’s theory by assuming Hamilton’s principle for a massive (point) 
particle and invariance under Lorentz transformations, and discussed the two conse- 
quences which follow from this theory: (a) light does not get deflected in a gravita- 
tional field; (5) the inertia of a particle is determined by the scalar potential ¢, or the 
larger the masses which are accumulated in the vicinity of a particle the smaller 
becomes its inertia. 

Nordstrém’s theory had already been discussed in critical detail by Einstein and 
Fokker, especially its basis on the scalar potential.44 It had been established that the 
line element ds depends on ¢ according to the relation 


ds? = p? (dx? + dy” + dz’ — c7d?”), (16) 
the differential equation for the gravitational potential taking the form 


¢0¢=kTr T,,, (17) 


where k is a constant and 7,, is the general energy(-momentum) tensor. In his 
lecture at Vienna, Einstein summarized the situation as follows45: 


We can sum up by saying that Nordstrém’s scalar theory adheres to the postulate of the constancy 
of the velocity of light and satisfies all the requirements which can be placed upon a theory of gravita- 
tion, based upon the present experimental knowledge. The only unsatisfactory thing is the fact that 
according to this theory the inertia of a body seems to be affected, although not produced, by other 
bodies. Because, according to this theory, the inertia of a body increases the farther the other bodies 
are removed from it.**: 47 


Finstein’s main point was that he wished to stick to his four postulates, mentioned 
earlier, the more so because, with Grossmann, he was on the way to developing another 
consistent theory of gravitation, using the invariant theory of the absolute differential 
calculus. He had already stated in the work with Fokker: 


We note that only the application of the invariant theory of the absolute differential calculus would 
provide us a clear insight into the formal content of Nordstrém’s theory. Furthermore, this method 
makes it possible for us to determine the influence of the gravitational field on arbitrary physical 
phenomena, as is to be expected from Nordstrém’s theory, without invoking new hypotheses. The 
relationship of the Nordstrém theory to that of Einstein-Grossmann thus becomes completely clear. 

Finally, the role which the Riemann-Christoffel differential tensor plays in this [present] investiga- 
tion suggests the idea, that it might also open the way for deriving the Einstein-Grossmann equations 
for gravitation independent of physical assumptions. The proof of the existence or non-existence of 
such a connection would signify an important theoretical advance.“ 
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In other words, Einstein was now seeking to become a mathematician for the sake 
of the theory of gravitation. 


2.4 EINSTEINAND GROSSMANN: SEARCH FOR THE MATHEMATICAL TOOLS OF 
GENERAL RELATIVITY 


Einstein returned from Prague to Zurich in the summer of 1912. He had by then al- 
ready formulated the fundamental physical principles of the general relativity theory 
of gravitation, and was now searching for their mathematical structure. At the E.T.H. 
{the Swiss Federal Institute of Technology in Zurich], where he now returned as 
professor of theoretical physics, Einstein met again his old friend and former fellow 
student Marcel Grossmann, who was now a professor of mathematics and his col- 
league. With Grossmann, and under his guidance, Einstein studied the mathematical 
literature, especially the theory of invariants and the absolute differential calculus of 
Christoffel, Ricci, Levi-Civita and others. Einstein developed the mathematical 
structure of his theory jointly with Grossmann, and in his celebrated paper on the 
general theory of relativity in 1916 he acknowledged the help which his friend had 
given him. It was Grossmann’s help which had, Einstein said, ‘spared me not only 
the study of the relevant mathematical literature, but who [Grossmann] also assisted 
me in searching for the field equations of gravitation.’ 49 This study of the mathemati- 
cal literature and the search for the proper mathematical tools led to several joint 
papers with Grossmann during Einstein’s all too brief stay in Zurich. These papers 
contained the first attempts toward a generalized theory of relativity, using the new 
mathematical tools, and gave full expression to Einstein’s earlier physical insights. 
Although the actual outcome of these studies, which went into the final theory, seems 
to be small, their ‘psychological value’, to use Einstein’s own phrase, was most 
important.5® 

Three papers resulted from the collaboration of Einstein and Grossmann, and 
Einstein reported on their results in his lecture at Vienna in the fall of 1913.5! Ina 
fourth paper5?, written by Einstein-alone more than a year after he had moved from 
Zurich to his position at the Prussian Academy in Berlin, Einstein classified and 
summarized the achievements of the search up to that time.5? The work of Einstein 
and Grossmann seems to have been a highly technical struggle with the formal possi- 
bilities offered by the absolute differential calculus. It did not have the simplicity and 
persuasive elegance of the later theory, mainly because of the fact that Einstein had 
to find the way of translating the physical postulates into mathematics. Another fact 
which made Einstein’s search a sort of a comedy of errors was his great ability to give, 
for any mathematical result, a good looking physical ‘reason’, and he was very quick 
in providing such ‘explanations’. This capacity of Einstein’s to invent physical ex- 
planations, as we shall see later on, was the main reason why he missed the right 
solution during the period between 1912 and 1914, a fact which was lamented by him 
later on.5 And the evidence suggests that it was not Einstein’s collaborator, the mathe- 
matician Grossmann, who was responsible for the delay in the creation of a consistent 
theory of gravitation. 
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The first two joint papers of Einstein and Grossmann, and Einstein’s lecture at 
Vienna, came at about the same time, and we shall consider them together.54 After 
stating the physical postulates, which we have discussed above, Einstein went on to 
discuss the consequences which would follow from the general invariance of the line 
element ds, given by 

ds” = g,, dx" dx’, (18) 


[where summation is understood over the repeated indices (Einstein convention)] 
where the symmetric tensor g,, represents the metric dependent on space-time. The 
ten quantities g,, therefore characterize the gravitational field, replacing the scalar 
potential ¢@ of the Newtonian theory and determining the. behaviour of clocks and 
rods.55 Now the line element, defined by Equation (18), also determines a Riemannian 
geometry, and the question arises about the relation between its invariants and co- 
variants, on the one hand, and the mathematical and the physical quantities, on the 
other. Grossmann, who searched through the mathematical literature in order to 
assist Einstein, also discussed the first of these questions.°6 

In dealing with tensor algebra and analysis, Grossmann introduced the notions of 
covariant and contravariant tensors of any rank, according to Ricci and Levi-Civita, 
and of divergence and gradients, using the Christoffel symbols, 


T ve } (0g py/Ox® + 99 »v/Ox” —< 89 y/0x") and re =a gags ve ° (19) 


The so-called Riemann—Christoffel tensor of the fourth rank plays an important role 
in differential geometry, and is written out as 


RY, = OF%,/Ox" — OF'4,fOx® + (4,02, — Ft 0%, . (20) 


Grossmann commented upon the importance of tensors as follows: 


The overriding significance of these structures [tensors] for the differential geometry of a manifold, 
defined by its line element, makes it a priori probable, that these genera) differential tensors could also 
be important for the problem of the differential equations of a gravitational field. [The identical 
vanishing of the tensor R“y»gc provides the necessary and sufficient condition that the differential 
form can be transformed to the form 2, + (dx#)?, where the choice of signs depends on the signature 
of the manifold.] Indeed, it is possible to specify a covariant differential tensor Ruy, of second rank 
and second order, which might enter those equations, namely 


Ruy = Re Her. (21) 


This in itself shows that this tensor, in the special case of an infinitely weak gravitational field, 
would not reduce to the expression 4¢. We must therefore leave open the question as to what extent 
the general theory of the differential tensors linked with the gravitational field is related to the prob- 
lem of the equations of gravitation. Such a connection must exist, insofar as the equations of gravita- 
tion allow arbitrary substitutions, because already in this case it seems to be excluded to obtain differ- 
ential equations of the second order. If, on the other hand, it could be established that the equations 
of gravitation only admit a certain group of transformations, then one could understand why the 
differential tensors yielded by the general theory would not be acceptable. As mentioned in the physical 
part [written by Einstein], as yet we are not in a position to discuss this question.5’ 


Einstein continued in the addendum to their joint paper: 
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In writing up this paper, we have regarded it as a shortcoming that it has not been possible to write 
down equations for the gravitational field that are covariant generally, i.e. for arbitrary substitutions. 
Subsequently, I found, however, that equations which determine the gu» uniquely from Oy [the energy 
tensor], and which are uniquely covariant, cannot exist at all, as the following proof shows.>8 


These quotations from the ‘workshop’ of general relativity are important because 
they indicate that Grossmann had stressed the importance of the Riemann—Christoffel 
tensor to Einstein, but the latter failed, on account of his ‘physical reasoning’, to use 
it as the fundamental concept. From the procedure employed by Einstein, one can 
see how this mistake came about. He started from the generalized line element, 
Equation (18), and studied the motion of a material point in the field of gravitation 
according to the equation 


8{[ ds} =0, (22) 


from which the equation of motion follows 


d7x# ? dx® dx’ 


Tl oe 
ds? eds ds 


=0. (23) 


Einstein could now reformulate the laws of physics in the presence of a gravitational 
field, given by the metric g,,. The energy tensor plays an important role in what he 
called the ‘laws of material phenomena’.5®? Now, on generalization of the energy 
tensor (the special relativistic quantity) in the presence of a gravitation field in which 
the g,, are not constant, the newly formed quantity T,, is not conserved, and one finds 


O(Ty + 5) | 


0. 24 
ox” Sa 


Here the new f; represents the energy tensor of the gravitational field, and Einstein 
motivated its existence by saying: ‘It thus represents the physical fact that in a gravi- 
tational field the impulse and energy of a material system vary with the time, in that 
the gravitational field transports energy and momentum to the material system.’ % 
The fact that a gravitational energy-momentum tensor exists, has important conse- 
quences: ‘Since we demand the validity of the conservation laws, we restrict the 
reference frame to the corresponding extent, and thereby renounce the setting up of 
the equations of gravitation in general covariant form.’®° Thus it seemed that the 
whole programme of general relativity had broken down, as was correctly pointed 
out to Einstein after his Vienna lecture by the probings of Mie and Reissner.®! What 
error had really crept into the framework of the theory? 

In generalizing the Poisson equation (9), which can be written as a tensor equation 
by a generalization of Newton’s theory, Einstein looked for an expression of the form 


y0,,=T,,, (where 6,, = T,,), (25) 


where I’, is a covariant tensor of the second rank, y a constant and @,, or T,,, the 
covariant energy tensor. In analogy with the Newton—Poisson law, one postulates 
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with Einstein that Equations (25) are of the second order.®2> 63 The difficult question 
now arose about the tensor generalization of @. Einstein appended the following re- 
marks to the addendum in his joint paper with Grossmann.®4 


It must, however, be emphasized that it seems to be impossible, under this assumption [that the equa- 
tions are of second order] to find a differential expression [yy which is a generalization of 4¢ and 
turns out to be a tensor under arbitrary transformations. It cannot, however, be denied a priori that 
the final exact equations of gravitation can be of higher than the second order. Thus there always 
exists the possibility that perfectly exact differential equations of gravitation might be covariant with 
respect to arbitrary substitutions. The attempt at a discussion of such possibilities would, however, be 
premature in view of the present status of our knowledge about the physical properties of the gravi- 
tational field. We are thus restricted to [the equations of] the second order, and must therefore 
abstain from setting up equations of gravitation which would turn out to be covariant with respect to 
arbitrary transformations. Moreover, it must be emphasized that we have no clue regarding a general 
covariance of the equations of gravitation. 


The idea was the following: If the metric g,, were determined entirely by the energy 
tensor where 6,, or 7,,, and all general transformations were admitted, then a con- 
tradiction would arise. The minimum transformation group, under which the quantity 
r,, is permitted to be covariant, is a group of linear transformations. Einstein and 


Grossmann proposed that 
1 @ — dg*" dg" dg”? 
re’ = —— — |g ./— agg. 
(2 . 9 ) 9 Ix dx™ ax? + 


—1g YG ap O99 dg" 
ax" dx? ax dx?” 


The equations which determine the gravitational field could then be simplified to 


A (g)=7(0" + A”), (27) 


1 — 0g" dg" dg”* 
AY’ ie et ap g”? ee 
(g)= = (9 J/-9 )- J Ire ox* ox? 


(26) 


with 


and 


09. 09" 0g,, og"* 
— 2A’ = an py “Ve nv ap “4 te 
: D axt xP ITD Bye Hee 


The sum of the ‘energy tensors’ of matter and that of the gravitational field satisfy 
the conservation law, Equation (24). 

Einstein and Grossmann, in their third paper of 1914, drew consequences from the 
existence of the energy tensor of the gravitational field, t,,(t”” = A””).5! They ‘showed’ 
that one could not have generally covariant equations (25), which determine the 
characteristic metric g,,,, thereby improving their work of 1913. Taking the derivative 
of A,,, and summing over v, one obtains four conditions 


ee (v= 9 9 Gon ay 2)= 0. (28) 
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The equations of gravitation (27) are covariant with respect to all ‘justified’ transfor- 
mations of the coordinate system, i.e. those which satisfy the conditions (28). In order 
to interpret these conditions, one considers a variational principle, 


81 =5 | Hde=0, (29) 
with 


H=./—ag" agli er 


where #7 can be regarded as the Hamiltonian of the gravitational field. The allowed 
coordinate system is then ‘chosen such that, for the fixed boundary values of the 
coordinates and their first derivatives (considered in an arbitrary coordinate system), 
the integral J approaches a maximum.”®5 One could, therefore, say that ‘since the con- 
ditions B, =0, with the help of which we have restricted the coordinate systems, are 
the immediate consequence of equations of gravitation, our considerations show that 
the covariance of the equations is as far-reaching as imaginable.’66 

The fourth and final paper of the series in 1914, dealing with the results of the 
Einstein—Grossmann collaboration 52, which Einstein communicated (in his own name 
alone) to the Prussian Academy, did not add anything new to the theory except some 
mathematical clarifications.’ Einstein, by that time, had mastered the mathematical 
tools himself, and he did not need his friend any more.®8 Yet, the theory of Einstein 
and Grossmann was not Einstein’s final theory. 


2.5 THE FOUNDATION OF GENERAL RELATIVITY 


In the spring of 1914 Einstein moved from Zurich to Berlin to take up his appoint- 
ment as a member of the Prussian Academy and director of the research institute of 
physics at the Kaiser-Wilhelm-Gesellschaft.6® The new position provided him with 
full freedom for his research work, an activity for which Planck and his colleagues 
had estimated him so highly. Having succeeded sufficiently in his first attempt to 
generalize relativity, or at least in making a plan of its generalization, Einstein was 
not so sure if he could do much more at that time, and remarked to his friend and 
former fellow student Louis Kollros on the occasion of his farewell from Zurich: 
“The Germans are betting on me as a prize hen; I am myself not sure whether I am 
going to lay another egg.’?® Lay a few golden eggs he still would in Berlin in both the 
fields of quantum theory and general relativity. The latter was completed in Berlin 
soon after his arrival there, as far as the problem of gravitation was concerned.?! 

Before Einstein went to Berlin, what he and Grossmann had achieved was an 
Entwurf — a plan or outline of the shape which, they thought, the theory of general 
relativity would take. In this initial sketch, the mathematical ideas had played a smaller 
role than one would have expected. ‘The general theory of invariants acted as an ob- 
stacle. The direct way turned out to be the only one practicable,’ Einstein wrote to his 
friend Michele Besso in March 1914.72 

During most of the year 1914 Einstein was almost content with the results of his 
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labours with Grossmann, achieved in 1913. Early in 1915, however, he was again at 
work, starting by drawing the experimental consequences which the theory might 
have. On 12 February 1915, he wrote to Michele Besso?3: 


I am able to inform you about two beautiful scientific matters: (1) Gravitation. Red-shift of spectral 
lines — the spectroscopic double stars have the same average velocity at the radius of vision. The 
masses of the stars are obtained from the periodic Doppler fluctuation of the lines. The component 
due to the heavier star should have a mean red-shift of the spectral lines relative to the other. This 
has been verified. Since it is possible to estimate the radii of the stars (from their spectral type), it 
has even provided a satisfactory quantitative verification of the theory.’ [The other scientific matter 
which Einstein reported to Besso was the experimental verification of his Ampere-molecular current 
hypothesis. ] 


At three consecutive sessions of the Prussian Academy — on 4, 11, and 18 November 
1915 — Einstein presented his new theory. Opening his first contribution on the ‘gen- 
eral theory of relativity’, he remarked: 


During the past [several] years, I have tried hard to construct a general relativity theory on the assump- 
tion of the relativity [also] of non-uniform motions. I actually though that I had discovered the only 
law of gravitation corresponding analogously to the postulate of general relativity, and sought to 
demonstrate the necessity of exactly this solution in a memoir published last year in these proceedings. 
{See Sitzungsberichte, 1914, pp. 1066-1077, Ref. 59.] 

A fresh examination showed me that the necessity [of the solution] from the method proposed 
there cannot be proved at all; that this seemed to be so was due to an error. The postulate of relativity, 
to the extent that I have invoked it there, is always satisfied if one takes Hamilton’s principle as the 
basis; in fact, however, it does not provide any means of determining the Hamiltonian function H of 
the gravitational field. It actually affects the equation restricting the choice of H [Equation (28)] in no 
other way, except that H should be invariant with respect to linear transformations, a requirement 
which is of no use in accomplishing the relativity of accelerated {motions}. Moreover, the choice [for 
the Hamiltonian] indicated [by Equation (29)) is in no way determined [by Equation (28)]. 

For these reasons I lost all faith in the field equations which I had set up, and began to look for a 
path which restrict the possibilities in a natural manner. Thus I reverted to the requirement of the 
general covariance of the field equations, from which I had departed with a heavy heart in the first 
place three years ago when | worked together with my friend Grossmann. In fact, at that time we had 
already come quite close to the solution of the problem given in the following. 

Just as the special relativity theory is founded upon the postulate that its equations must be co- 
variant with respect to linear, orthogonal transformations, the theory developed here is based on the 
postulate of the covariance of all systems of equations with respect to the transformations of the substi- 
tution determinant 1. 

The fascination of this theory would hardly leave anybody who has really grasped it. It represents 
a real triumph of the method of the general differential calculus founded by Gauss, Riemann, 
Christoffel, Ricci and Levi-Civita.74 


The restriction on general transformations, with the substitution determinant 1, 
simplifies the formal foundations of the theory of general relativity considerably. For 
instance, it allows one to relate covariant and contravariant indices much more easily. 
The most important change tn attitude, however, was to express the problem of gravi- 
tation not by the artificial forms introduced earlier, but by the Riemann—Christoffel 
tensor as suggested by Grossmann already in 1913.?5 Gravitation is connected with 
a tensor of the second rank, and Einstein, therefore, now chose the reduced Riemann— 


Christoffel tensor 
(30) 


Pune Mathematical PhyAics 


EINSTEIN, HILBERT, AND THE THEORY OF GRAVITATION 15 


He split this tensor into two terms, 


Ryy = Ryy 7 Ruy 
where 
or’, 
Rw = oe + Fe ne (31) 


and Ri, vanishes wherever ./ —g=1. 
In considering the conservation law for the energy, Einstein had earlier assumed 
the components of the gravitational field to be described by 


or (32) 


but now he found the Christoffel symbol It, to be a more adequate expression for 
this purpose. 

The most important question concerning the generalization of the Poisson equation 
had now been answered by the Ansatz76 


Ruy = Via ° (33) 
These equations can be written in the Hamiltonian form with 
L= gel ta» (34) 


and the conservation of energy is satisfied with 


ri) 
aa (7; + 2) =0 (35) 


where 


Here again, the ‘energy tensor’ of the gravitational field (which, however, is a tensor 

only with respect to linear transformations) occurs.?7? The reason for its existence is 

the curvature of space, which does not allow for a conservation law of T} alone. 
Now the Ansatz (33) brings a problem along with it, since it demands that 


Ty =0, (36) 


for of —g=1. Hence there seem to exist conditions which restrict the allowed coor- 
dinate frames.78 Already in a previous note, in fact, Einstein proposed to take T; =0, 
since the electromagnetic energy-momentum tensor shows this property.’® He stated 
explicitly: 


We must remember, however, that according to our knowledge, matter is not to be conceived as 
(primitively) given and physically simple [entity]. And it is not just a few who hope that [the con- 
ception of] matter can be reduced to purely electromagnetic phenomena which, however, would 
follow a more complete theory than Maxwell’s electrodynamics. Let us suppose for a moment that in 
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such a complete electrodynamics the scalar of the energy tensor would also disappear! Would then 
the result just mentioned above prove that matter cannot be constructed with the help of this theory? 
I expect to be able to contradict this. Because it is indeed quite possible that gravitational fields con- 
stitute an essential part of matter to which pertains the expression given above. Hence 7? can be 
apparently positive for the entire structure (matter + gravitational field), while in reality only ( 73 + 
+ ¢2) is positive and 7% vanishes everywhere. In the following, we shall assume that the condition 
T? =0 is actually fulfilled in general.®° 


One can then fix the coordinates by assuming that J/-9= 1. In his contribution 
of 25 November 1915,8! his fourth on the new approach during that November, 
Einstein went another step further, realizing that the assumption of the zero energy 
scalar is not necessary, if the equations of gravitation would be changed to 


Ryy = — P (Tuy — 397); (37) 
where T=T>. 
The reason for this new Ansatz is that now the tensors of energy, matter and that 
of the gravitational field occur always in the same way in all equations. Einstein, 
therefore, concluded®!: 


With that, the general relativity theory is finally completed as a logical structure. In its most general 
formulation, which turns the space-time coordinates into parameters devoid of physical significance, 
the principle of relativity leads, with conclusive necessity, to quite a definite theory of gravitation 
which can explain the perihelion motion of Mercury.82 On the other hand, the postulate of general 
relativity reveals to us nothing more about the character of the other natural phenomena than what 
the theory of special relativity had already done. The opinion which I recently expressed in this regard 
[in these Proceedings] was wrong.®? Every physical theory conforming to special relativity can, with 
the help of the absolute differential calculus, be presented in the framework of the theory of general 
relativity, without the latter offering a criterion for the validity of that theory. 


Einstein was filled with the joy and excitement of achievement, when he wrote to 
Besso again on 10 December 191573: 


The boldest dreams have been realized. General covariance. Perihelion motion of Mercury, wonder- 
fully exact. The latter is perfectly determined from the astronomical point of view, because the deter- 
mination of the masses of the inner planets by Newcomb was based upon periodic perturbations (not 
the secular ones). This time [the most natural mathematical assumptions] at hand turned out to be 
correct. Grossmann and I had thought that the conservation laws would not be satisfied, and Newton’s 
law would not emerge in the first approximation.... 


Einstein sent his new papers to his friend Michele Besso, and wanted him to read 
them.84 The winter of 1915 and the spring of 1916 was perhaps the period of greatest 
scientific contentment and happiness in Einstein’s life.85 

Two questions arise immediately with respect to Einstein’s derivation of the equa- 
tions of gravitation. First, how cogent and necessary is the derivation of Equation 
(37)? Second, how independent of gravitation are the other laws of nature? Hilbert 
took a stand with respect to both of these questions. First, he derived the equations 
of gravitation, Equation (37), from a set of axioms. Second, he showed that the same 
set of axioms also leads to conditions for the laws of nature, in particular electro- 
magnetism, which cause matter to exist. 
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3. PHYSICS AND GEOMETRY 


3.1 THE ROLE OF AXIOMATIZATION IN HILBERT’S WORK 


To David Hilbert, one of the greatest mathematicians of the twentieth century, axio- 
matization signified a guiding principle of the structure of mathematics and the 
mathematical laws of physics. That Hilbert’s approach towards the foundations of 
mathematics was too optimistic, and essentially unfeasible, was established by Gédel’s 
theorem more than a decade before Hilbert died. In his own work, Hilbert system- 
atized and unified numerous branches of mathematics: theory of invariants (1885- 
1893), theory of algebraic number fields (1893-1899), theory of analytic functions and 
variational problems (1899-1909), and the theory of linear integral equations (1902- 
1912). Hilbert’s work on linear integral equations extended the pioneering work of 
Fredholm, and led to the introduction of the celebrated ‘Hilbert space’, which 
would provide the fundamental basis of the mathematical formulation of quantum 
mechanics. 86 

The prelude which determined the second half of Hilbert’s mathematical life, cre- 
tainly from 1912 onwards, was stated in his famous book Die Grundlagen der Geo- 
metrie, which first appeared in 1899.87 Hilbert worked on the axiomatic foundations 
of geometry almost until 1909. Much later, after 1922, he turned to a systematic 
axiomatization of mathematics, including mathematical logic. In between Hilbert 
sought to apply his axiomatization methods to selected fields at the frontiers of physics, 
having declared that ‘physics is much too difficult for the physicists.’8? 4 

The study of minimum principles on which physics could be based had occupied 
Hilbert even before he formally undertook the axiomatization of physics in 1912, 
as his earlier papers indicate. Hilbert had lectured on physics in Géttingen since 
1902. After the death of his friend Hermann Minkowski in 1909, he lectured more 
regularly on physics from 1910 to 1918. Minkowski had introduced him to seve- 
ral fields in physics.88 Minkowski’s death in January 1909 left him very lonely and 
sad — and the axiomatization of physics seemed to be an active and loving tribute 
to his memory. Hilbert’s efforts picked up slowly, and beginning in 1912 they really 
took on. 

Hilbert had always been interested in the fundamental problems of physics, but now 
he was really inspired. In 1913 he organized the ‘Géttinger Gastwoche’ which brought 
together Planck, Debye, Nernst, Smoluchowski, Sommerfeld, Lorentz, and several 
others to lecture on and discuss the problems of the kinetic and quantum theories.®® 
Another indication of his strong and continuing interest in physics was the fact that 
he had already established, several years before the First World War, a special position 
for an assistant who would work with him in physics, a position which he normally 
offered to Sommerfeld’s students.®° Starting in 1912, numerous students wrote disser- 
tations on various problems of theoretical physics under Hilbert.®! The subjects which 
Hilbert chose for his work in physics were characteristic of his mathematical temper- 
ment. In his early lectures he dealt with the foundations of mechanics, using Gauss’ 
minimal principle as the fundamental axiom.®? Other than mechanics, Hilbert found 
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it quite desirable to pursue the axiomatization of thermodynamics and kinetic theory, 
radiation theory, electricity and gravitation (including their unification), and later on 
quantum theory. Under Hilbert’s inspiration at Gottingen, Carathéodory sought to 
axiomatize thermodynamics ®3, and Paul Hertz discussed its ‘mechanical’ founda- 
tions.94 

One of the important problems in the programme of axiomatization of physics was the 
examination of the consistency of the axioms and their independence, and Hilbert’s 
fields of research were determined by it. Hilbert first turned to the mathematical 
foundations of kinetic gas theory.®5 He then dealt with the general formulation of 
Kirchhoff’s laws of radiation without referring either to the classical wave theory or 
the quantum theory.®* Inspired by the success of the special theory of relativity, and 
the progress of Einstein’s work on general relativity and the theory of gravitation, 
Hilbert also entered upon research in this frontier of physics, making original and im- 
portant contributions.®? 

It is well known that Hilbert vigorously stimulated research on the mathematical 
foundations of quantum mechanics, in particular through his collaborator Von 
Neumann. The new atomic mechanics had its first breakthrough (matrix mechanics) 
in Gottingen, and Heisenberg lectured on it in Hilbert’s seminar already in the fall 
of 1925.98 Hilbert not only guided Jordan in his work on the transformation theory °°, 
but entered the field himself, first lecturing on the foundations of quantum mechanics 
at Gottingen, and then publishing a paper jointly with Von Neumann and Nordheim. ! 
This paper also initiated Von Neumann’s work on the foundations of quantum 
mechanics, leading to his famous book on this subject.101 

For the purpose of this study, we shall deal only with Hilbert’s search for and founda- 
tion of a unified theory of natural phenomena, based upon a unification of electricity 
and gravitation in a single mathematical scheme. 

Three principal ingredients determined Hilbert’s research on this subject: (i) the 
mathematical inheritance of the nineteenth century, in particular the theories of space 
and the concept of invariance in geometry and dynamics; (1i) the ideas of Gustav Mie 
concerning the theory of matter; and finally, (iii) Einstein’s formulation of the theory 
of gravitation. A review of the status of these ‘ingredients’ is of interest before dis- 
cussing Hilbert’s contributions to the ‘foundations of physics’.®? Einstein was strongly 
critical of Hilbert’s work but others, such as Weyl, tried to follow it and improve 
upon it by bringing in other concepts of their own. Ironically, it was Einstein, who 
had pooh-poohed Hilbert’s programme ofa unified theory of matter, who would himself 
spend the last three decades of his life on this search along lines similar to those of 
Hilbert’s — and that too during a period when discoveries of new particles and forces 
had rendered the entire approach doubtful. 


3.2 CONCEPTS OF SPACE AND GEOMETRY 


The concept of space has played an important role since the earliest times. The Greek 
philosophers and mathematicians, the medieval Christian thinkers and the men of 
science of the Renaissance had their notions of space. Newton finally decided upon 
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‘absolute space’ as the theatre of natural phenomena, and Kant made it into an a 
priori of experience.!°2 The decisive progress in the ideas of space and geometry was, 
however, initiated by the great mathematicians of the early 19th century, especially 
Gauss, Lobatchevski and Bolyai, who first discovered the existence of non-Euclidean 
geometries./°3 In his survey, known as the ‘Hannoversche Gradmessung’ [the Hanover 
Survey] Gauss even attempted to determine as to which geometry of space would be 
valid in nature. Although his attempt was not successful, in that it did not prove (nor 
did it disprove) that the geometry of space was compatible with Euclidean geometry, 
he wrote to Olbers in 1817: 


I became more and more convinced that the necessity of our geometry [i.e., Euclidean] cannot be 
demonstrated, at least neither by, nor for, the human intellect. In some future life, perhaps, we may 
have other ideas about the nature of space which, at present, are inaccessible to us. Geometry, there- 
fore, has to be ranked until such time not with arithmetic, which is of purely aprioristic nature, but 
with mechanics.}% 

It was Riemann who developed Gauss’ ideas. He introduced his conception in his 
famous ‘trial’ lecture [Probevorlesung] ‘On the hypothesee which lie at the basis of geo- 
metry’1%_ which he delivered at G6ttingen on 10 June 1854. He took note of the fact 
that he could not base the concepts of a new geometry on any available wealth of the 
existing mathematical literature, but could only refer to Gauss’ ‘second memoir on 
Biquadratic Residues in the Géttingen Gelehrte Anzeiger, and in his Jubilee-book, and 
some philosophical researches of Herbart’.!°5° Riemann introduced the general /ine 
element ds, 

n 
ds?>= Sg, dx" dx’ (38)* 
u,v=1 
in the m-dimensional space, and the concept of the geodesic in curved space. His in- 
vestigations led to the so-called Riemannian geometry which can be characterized by 
two axioms :!96 

Axiom I. The differential coefficient ds/d¢ at a given point on the curve depends 
only on the derivatives dx*/dt at this point and not on higher derivatives or on the 
behaviour of the curve elsewhere. 

Axiom HI. ds/dt is the square root of a quadratic form of the dx*/dt: 


B v 
Ss on a (39) 
dt dt dt 

Axiom II, in fact, implies Axiom I. The important parameters g,, are called the 
metric of the space, i.e. they determine whether it is Euclidean or not. Riemann con- 
cluded his lecture with the remark: ‘The question of the validity of the hypotheses of 
geometry in the infinitely small is bound up with the question of the ground of the 
metric relations of space... This leads us into the domain of another science, of 
physics, into which the object of this work does not allow us to go today.’10? 


* In modern notation, Equation (38) is written as Equation (18). 
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Clifford not only translated Riemann’s paper into English, but also tried to extend 
his ideas to a ‘Space Theory of Matter’.1°8 He proposed the thesis that the ‘variation 
of curvature of space is what really happens in that phenomenon which we call the 
motion of matter, whether ponderable or ethereal’. Other mathematicians followed 
much less the physical speculations of Riemann, than seeking to work out the scheme 
of his geometry. 

Another line of mathematical development by men like Beltrami, Christoffel, and 
Lipschitz, placed emphasis on certain aspects of differential geometry, making connec- 
tion with invariance problems. Christoffel influenced Bianchi and Ricci in their deve- 
lopment of the absolute differential calculus for the theory of invariants of quadratic 
differential forms. Levi-Civita, a disciple of Ricci’s, carried on the programme further, 
and in 1917 introduced the remarkably useful concept of parallel displacement. The 
French school later on contributed to differential geometry through Elie Cartan. 
Rather than going into the details of these mathematical developments, let us mention 
an important extension of the geometry of space, namely, the introduction of the time 
as another coordinate of physical space by Hermann Minkowski. 

On 21 December 1907 Minkowski submitted a lengthy memoir entitled ‘Die Grund- 
gleichungen fiir die elektromagnetischen Vorgdnge in bewegten K6rpern’ to the 
Gdttingen Academy.!4° He discussed a new formulation of the laws of physics, 
especially mechanics and electrodynamics, on the basis of the work of Lorentz, 
Poincaré and, more particularly, his former Zurich student Einstein who had ‘most 
acutely’ expressed the ‘new concept of time.’!1! The important point of Minkowski’s 
considerations was that he treated the time on an equal footing with the space co- 
ordinates and invented the notion of the four-dimensional space-time continuum.\\2 
Minkowski’s new formal and intuitive space-time geometry opened the path for the 
later researches of Einstein, leading to the creation of general relativity on the basis of 
Riemannian geometry. 

It is remarkable that at about the same time as Minkowski, Hargreaves quite inde- 
pendently suggested the use of space-time vectors.113 His concept of using space-time 
as a unified geometrical concept was, however, only indirect in that by organizing 
space and time derivatives together the corresponding equations gained a much simpler 
form. In fact, both Hargreaves and Poincaré had used the equivalence of space and 
time coordinates in the mathematical forms which they had employed 43, without 
giving it the full physical and intuitive emphasis that characterized the approach of 
Minkowski. It may be of interest to note, however, that the first scientist, who sug- 
gested a connection between the space and time dimensions in modern science, seems 
to have been the physiologist Fechner in the 1840’s.114 


3.3 SPACE-TIME AND INVARIANTS 


On 3 June 1868, Hermann von Helmholtz submitted to the G6éttingen Academy of 
Sciences an extended version of his lecture ‘On the facts which lie at the basis of geo- 
metry’.!15 He introduced his memoir with the remark: 
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My researches on spatial perception in the field of view have motivated me to undertake the investiga- 
tion of the problem of the origin and nature of our perceptions of space in general. In this regard, the 
question which impressed upon me, and which obviously belongs in the domain of the exact sciences, 
was chiefly this: How much objectively valid meaning do the axioms of geometry have? How much, 
on the other hand, depends only on definitions, or deductions from definitions, or on the form of the 
representation? 126 

Helmholtz, who had worked, independently of Riemann on similar ideas, now ex- 
tended the latter’s conception." He discussed in particular that hypothesis of Riemann, 
according to which the line element is equal to the square root of a homogeneous 
function of the second degree, as in Equation (39). This hypothesis, Helmholtz 
claimed, could be derived on the basis of more general assumptions. He started by 
considering the motions of a solid body in space. The ‘translation invariance’ yields 
4n(n— 1) equations in an n-dimensional space. In addition there might be the possibil- 
ity of congruence under rotations, leading to further equations. All of these equations 
can be formulated as differential expressions if applied to infinitesimally small co- 
ordinate differences. The important point, which he could demonstrate, was that there 
exists a quantity of second degree in the differentials which is invariant under all the 
symmetry transformations. Together with the two other postulates, that space should 
have three dimensions and that it should extend to infinity, Helmholtz regarded the 
foundations of geometry as being fully laid. 

The ideas of Helmholtz were both conservative and progressive at the same time. 
On the one hand, he limited himself to infinite spaces of three dimensions; on the 
other, he stressed the use of symmetry transformations and invariants of a geometry 
which became a turning point for the later development. 

The concept of an invariant had been introduced by Sylvester in [851.118 The theory 
of invariants was systematically developed on the basis of Grassman’s theory of 
‘Stufen’, from which the tensor calculus also arose.119 The next step was to determine 
the invariants of quadratic forms and their classifications, to which Jacobi, in partic- 
ular, contributed. Felix Klein created a new approach to geometry when he announced 
his ‘Erlanger Programm’ in 1872.!° In this programme he considered a geometry as 
being given by a ‘manifold on which a transformation group is defined,’ and he looked 
for the invariant theory with respect to the group’.!2! Beginning in 1872 Sophus Lie, 
who had influenced Klein, developed the theory of continuous groups. In his lectures 
in Géttingen on the development of mathematics in the nineteenth century, Klein 
declared that it was only a small step from his Erlangen Programme to the theory of 
general relativity.122 

The theory of invariants of a symmetry group, which was so very much present al- 
ready in Helmholtz’ lecture, became familiar to the physicists and mathematicians 
through the work of Klein and Lie. Jacobi had in fact already found a connection be- 
tween the Euclidean invariance of the mechanical Lagrangian and the conservation 
laws for linear and angular momenta.123 

Finally Hamel, unaware of the work of his predecessors, proceeded systematically 
to exploit the connection between symmetry transformations and conserved quantities 
in mechanics.124 Hamel extensively used Lie’s work on continuous groups,}25 deriving 
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the result that the coefficients in the Lagrange equations are constants if the related 
infinitesimal transformations generate a symmetry group, and if the coefficients are 
constants then the conservation laws are satisfied.!26 

A generalization of Hamel’s work, without making any reference to it, however, was 
made by Herglotz in 1911.12? He discussed the ten-parameter Poincaré group !*8 of 
‘motions’ in the four-dimensional space, and related its symmetries to ten general 
integrals, among which the most familiar are the energy, momentum and angular 
momentum. The other three conserved quantities correspond to a generalization of 
the center-of-mass integrals in classical mechanics. 

As we have already mentioned, Hilbert himself knew much about invariants. Indeed, 
by solving the fundamental problems of the theory of invariants Hilbert had killed the 
subject.129 In addition, he had with him a young expert from the mathematical centre 
of the theory of invariants by the name of Emmy Noether. Emmy, daughter of Max 
Noether, came from Erlangen where Klein had developed his famous ‘programme’, 
where Clebsch had worked and Gordan had been the ‘king of invariants.’ In Gottingen 
around 1915, where Hilbert, at this stage in his distinguished career, was buried in his 
studies on the foundations of physics and general relativity, where Klein whose great 
mathematical programme was being carried forward by the ‘relativists’ (and who, in 
his latter years, had again become interested in current research), Emmy Noether’s 
work became very important. 129 

Even before Klein knew about Noether’s work, he had requested Engel, the old 
collaborator of Sophus Lie, to derive all the ten known integrals of the non-relativistic 
mechanical n-body system ‘in the spirit of Lie’.13° But the most general and systematic 
treatment was already available in Emmy Noether’s work, which Klein communicated 
to the Gottingen Academy only in 1918, and which became celebrated later on.!5! The 
important generalization in her work lay in the fact that she studied both finite con- 
tinuous groups, 1.e. those that depend continuously on g parameters ¢, as well as infinite 
continuous groups depending on g continuous functions. Noether also dealt with 
mixed groups, in the sense defined, and established two theorems in her fundamental 
paper: 132 

(1) If the variational integral is invariant under a finite continuous group G,, then 
@ linearly independent combinations of the Lagrangian expressions become diver- 
gences, and vice versa. This theorem is also valid in the limit of infinitely many para- 
meters. 

(2) If the variational integral is invariant under an infinite continuous group G,,,, 
in which arbitrary functions and their derivatives up to the o-th order appear, then ¢ 
identical relations are satisfied between the Lagrangian expressions and their deriva- 
tives up to the order co. The inverse of this theorem is also true. 

Emmy Noether established the most general equivalence between the invariance 
under symmetry transformations of the classical equations of motion of the action in- 
tegral, from which they can be derived, and the conservation of certain quantities 
which generate the group in the sense of Lie. Her work was carried on, or explained 
better, in terms of physics by Bessel-Hagen.!3% Noether’s theorem obtains a much 
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simpler form in quantum theory due to the fact that the ‘complicated’ Poisson bracket 
of classical theory is replaced by the ‘simple’ commutator.!34 


3.4 Mie’s FIELD THEORY OF MATTER 


Gustav Mie made the first attempt to construct a complete theory of matter in the 
twentieth century.!*5 In particular, he wanted ‘to explain the existence of an indi- 
visible electron and to relate the phenomenon of gravitation to the existence of mat- 
ter’.136 Three assumptions formed the basis of his theory: 

(i) Electric and magnetic fields exist inside the electrons as well.}37 

(ii) The principle of (special) relativity is valid throughout. 

(ui) ‘The hitherto known states of the ether, namely the electric field, the magnetic 
field, the electric charge, and the charge current are entirely sufficient to describe all 
phenomena in the material world.’138 

Concerning these fundamental assumptions, Mie remarked that the second one ts 
valid beyond doubt ('), and the third can only be justified by its success. As regards his 
concept of matter, Mie thought that the atoms consist of a number of electrons bound 
together by a dilute positive charge as in the Thomson model. Moreover, the atoms 
are surrounded by atmospheres which, since the whole atom is neutral, do not cause 
electric but gravitational fields. Mie thought that the enormous intensity of the [elec- 
tromagnetic] field creates spatial concentrations of charge which we signify as elec- 
trons, to which the ordinary Maxwell equations do not apply. He further remarked: 


The electron in my theory does not occupy a well-defined portion of space in ether. Rather, it consists 
of a ‘nucleus’ which goes over continuously into an ‘atmosphere’ of electric charge. The ‘atmosphere’ 
extends to infinity, becoming extremely thin in the neighbourhood of the ‘nucleus’, so that one cannot 
detect it experimentally in any way.1** 


From his three assumptions, Mie was led to a generalization of the equation for the 
ether. This extension of the Maxwell—Lorentz theory was determined on the basis of 
the validity of the principle of energy conservation and the existence of a localizable 
energy. Mie did not quite realize how much freedom was left to him, and how many 
more assumptions were built into his derivation than was necessary. 

The Hamiltonian H played an essential role in Mie’s theory, where H depends on 
what he called ‘quantities of magnitude’, 9 (electric displacement), #% (magnetic 
field), @ (charge density) and 7 (electric current). From this function H, one obtains 
the ‘quantities of intensity’, E (the electric field), # (the magnetic induction), and the 
corresponding ‘charge’ e and ‘current’ ¢, by taking the derivative with respect to the 
correlated ‘quantities of magnitude’. Or, inversely, one may start with a Hamiltonian 
® of the ‘quantities of intensity’ and derive the ‘quantities of magnitude’ by proper 
differentiation. Apart from this general structure, the Hamiltonian H should be in- 
variant under Lorentz transformations, consistent with the assumption (it). In addition, 
Mie simplified the form of the Hamiltonian by using the hypothesis: 


H =H(a, P), 
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with 
o=/o?—7?, and p=? -#?. (40) 


The detailed results which Mie obtained on the basis of his assumptions are both 
complicated and incomplete, and we shail only indicate certain features of his con- 
clusions. He claimed, in particular, to have shown that it was possible to have stable 
electrons in the sense in which he had conceived them, with the electromagnetic and 
gravitational fields having the following properties: 

(i) In the interior of an electron & and Q, as well as ¢ and g, must have opposite 
signs. 

(ii) The gravitational field must be represented by a four-vector. 

(iii) The inertial and gravitational masses of a particle are identical only if there are 
no motions in the interior of the particle. The mass ratio and the gravitational con- 
stant thus turn out to be functions of the temperature, decreasing with increasing 
values of the latter. 

Mie’s theory obviously ran into serious difficulties. Some of these are connected 
with the fact that no one has succeeded in deriving solutions for static electrons in 
which the charge is ‘quantized’. In fact, all the trial solutions are consistent with an 
arbitrary choice of the total charge. Even more serious is the fact that Mie’s theory 
depends on an absolute potential. The equations of motion do not remain unchanged 
if one replaces the potential @ by ¢+-const., due to the fact that the skew symmetric 
tensor, 


H® = --——_—, (41) 


in the interior of the electron depends on the potential A* explicitly. A material 
particle will therefore not be able to exist in a constant external potential field.14° 
Mie’s theory suffers from having been made much too early. Thus it could not properly 
recognize the existence of the energy quantum or forces other than the electromagnetic 
and gravitational ones.!41 Moreover, his approach to gravitation was very ‘conven- 
tional’ and would soon be overthrown by the new revolutionary ideas of Einstein and 
Hilbert. 


3.5 HILBERT’Ss COMMUNICATION TO THE GOTTINGEN ACADEMY 


What we have discussed in the previous sections represents, briefly, the state of affairs 
when Hilbert, in 1915, wrote his first note on the foundations of physics. 

During the first World War Hilbert remained fully absorbed in physics. In the 
summer of 1914 Debye had joined the faculty of the University of Géttingen and 
organized, at Hilbert’s request, a seminar on the structure of matter. Landé was 
Hilbert’s assistant for physics at that time, and he kept Hilbert informed about the 
developments in quantum theory, but he left in December 1914 to join the Red Cross. 142 
At this time, when only a few students attended the Hilbert-Debye seminars, Hilbert 
became fascinated with the new ideas of Gustav Mie and Einstein, and he sought to 
find a connection between them. Einstein visited Gdttingen at Hilbert’s invitation and 
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presented his ideas there. In a letter to Arnold Sommerfeld, dated 15 July 1915, Ein- 
stein wrote: ‘I had the great joy of seeing in G6ttingen that everything [about the 
theory of relativity] is understood to the last detail. With Hilbert I am just enraptured. 
An important man!?!43 Hilbert was no less fascinated by his encounter with Einstein, 
and he devoted the following several months to the study of gravitation and electro- 
magnetism in the search for a unified field theory of matter. 

At about the same time when Einstein presented [on 4, 11, 18 and 25 November 
1915} a series of communications on the general relativity theory of gravitation to the 
Prussian Academy, Hilbert presented [on 20 November 1915] a derivation of Ein- 
stein’s equations of gravitation to the Royal Academy of Sciences in G6ttingen. 
Hilbert’s communication appeared in the third issue of the Proceedings of the Gottingen 
Academy for 1915, and in his published version he referred to all of Einstein’s com- 
munications of November 1915 to the Prussian Academy. There can be no doubt that 
Hilbert’s derivation was entirely independent. The dates of the papers involved, and 
remarks made in these papers by both Einstein and Hilbert, are quite clear. In the first 
three contributions, up to November 18, Einstein still used the gravitational equation 
(33) without the term involving the trace. Only in the last paper, read on November 
25, Einstein gave the form of Equation (37) to the equations, saying that ‘the field 
equations for vacuum, on which I have based the explanation of the perihelion motion 
of Mercury, remain unaffected by this modification.’!44 This would indicate that he 
had found the new improved equations between 18 November, when he gave the 
‘explanation’ of the perihelion motion of Mercury, and 25 November, when he 
presented his new note on ‘The Field Equations of Gravitation’. Hilbert reported his 
own derivation of the equations of gravitation on 20 November, a few days ahead of 
Einstein, certainly in the public domain. In his published paper Hilbert, realizing this 
situation, pointed out: ‘It seems to me that the differential equations of gravitation so 
realized [by me] are in agreement with the beautiful theory of general relativity 
proposed by Einstein in his later [25 November 1915] memoir.’145 

Hilbert had indicated quite correctly that he shared, at the very least, with Einstein, 
the derivation of the field equations of gravitation. Indeed, Hilbert’s was more like a 
derivation than Einstein’s, which was based more on the simplicity of the Ansatz than 
on a full grasp of the implications of the structure of the equations. Hilbert’s achieve- 
ment in deriving the field equations of gravitation is not generally known, even among 
‘general relativists’, and seldom cited in the literature.!46 Of course, there never was 
any quarrel over priority between Hilbert and Einstein, who admired one another 
deeply.147 Hilbert once remarked: ‘Every boy in the streets of Géttingen understands 
more about four-dimensional geometry than Einstein. Yet, in spite of that, Einstein 
did the work and not the mathematicians.’!48 Or in a public lecture: ‘Do you know 
why Einstein said the most original and profound things about space and time in our 
generation? Because he learned nothing at all about the philosophy and mathematics 
of time and space.’!4° It was also Hilbert who recommended the award of the third 
Bolyai Prize in 1915 to Einstein ‘for the high mathematical spirit behind all his 
achievements’.15° 
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3.6 AXIOMS OF HILBERT’S THEORY OF MATTER 


Hilbert had studied the work of Abraham, Nordstrém, Mie and Einstein very tho- 
roughly. He tried now, using his powerful mathematical tools including the variational 
calculus and the theory of invariants, to construct a consistent theory of matter on 
axiomatic grounds. In particular he was attracted by the ‘giant propositions’ of Ein- 
stein and the ‘deep ideas and original concepts ’on which Mie had built his electro- 
dynamics.!5! He thus proposed: ‘Following the axiomatic method, in fact from two 
simple axioms, I would like to propose a new system of the basic equations of physics. 
They are of ideal beauty and, I believe, they contain the solution of the problems of 
Einstein and Mie at the same time.’!52 Starting from four ‘world parameters’ 
x*(u=1, ..., 4), characterizing the world points in the space-time continuum, Hilbert 
assumed that the following quantities determine the processes at x" (zeroth axiom): 
(i) the ten gravitational potentials g,,, of Einstein, exhibiting the form of a symmetric 
tensor under general transformations of x"; (ii) the four electromagnetic potentials 
A,, forming a vector with respect to general transformations. 

Now the physical processes are determined by two axioms 453; 

Axiom I (Mie’s axiom of the world-function): The laws of physics are determined 
by the world-function H, containing the arguments 


and 
A 
A,,A,e=~—;, (e,¢=1,..., 4), (42) 
x 


such that the variation of the integral 
| H fg d*x, (g=detlgyt, d*x =dx° dx’ dx? dx*) (43) 


vanishes for any of the 14 potentials g,, and A,. 

Axiom IT (axiom of general invariance): The world-function #7 is an invariant with 
respect to an arbitrary transformation of the coordinates x’. 

Concerning this axiom Hilbert remarked: 
Mie had already stated the requirement of orthogonal invariance. In the above-mentioned Axiom IT, 
Einstein’s fundamental and basic idea of general invariance finds its simplest expression, although 


with Einstein the Hamilton principle plays only an auxiliary role. His H functions are in no sense 
general invariants, nor do they contain the electric potentials.154 


Hilbert correctly noted the fact that Einstein’s first publication of November 1915 
still contained restrictions upon the allowed transformations. It seems that the neces- 
sity of the general invariance of all physical laws first became clearer to Hilbert than 
to Einstein. Of course, Hilbert had good reasons for that. Besides being a mathema- 
tician who was always interested in utmost generality and greatest possible elegance, 
he had an important argument for such an assumption; he had discovered a mathe- 
matical theorem which made the connection between the laws of gravitation and of 
electrodynamics possible.155 
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3.7 HILBERT’S FUNDAMENTAL THEOREM, ENERGY CONSERVATION, AND THE WORLD 
FUNCTION 


(i) Hilbert’s Theorem 


Hilbert formulated his fundamental theorem, on which he based his other derivations, 
in the following form: 


Let J be an invariant under arbitrary transformations of the four world-parameter, comprising 7 
quantities and their derivatives. From the variation 


5S JVgd‘*x=0, (44) 


with respect to the n quantities, 2 Lagrange (variational) equations can be formed, such that in this 
invariant system of n differential equations for the n quantities four of them are always a consequence 
of the remaining n — 4, in the sense that between the a differential equations and their total derivatives 
four combinations, independent from each other, are always identically satisfied.156 


This theorem of Hilbert’s is a consequence of the second part of Noether’s theorem. 
In fact, Emmy Noether had been in close contact with Hilbert in those days.15? The 
consequences of the application of this theorem, together with the axioms I and II, 
are of great interest. From Hamilton’s principle, and the form of H in accordance 
with axiom I, Hilbert derived 14 Lagrangian equations for the 14 potentials. Ten of 
these equations contain the variations with respect to the gravitational potentials 
Jny, and are called the equations of gravitation; while four stem from the variation 
with respect to the electrodynamic potential A,, and give rise to the generalized Max- 
well equations. However, Hilbert said: 


Because of the theorem stated, the four equations [which describe the generalized Maxwell equa- 
tions] can be regarded as a consequence of the equations [of gravitation]. On account of this math- 
ematical theorem, we can therefore immediately make the assertion that, in the sense indicated, 
the electrodynamic phenomena are the consequences of gravitation. In the recognition of this fact, I 
discern the simple and very surprising solution of the problem of Riemann, who was the first to 
investigate theoretically the connection between gravitation and light.!5® 


Hilbert’s theorem thus led him to prove the connection between the laws of gravita- 
tion and the laws of electrodynamics. This result was not quite in agreement with the 
spirit of Einstein, who had explicitly stated that general relativity does not impose any 
restriction on the laws of physics, gravitation excluded. But even Einstein agreed in 
his paper of 1916 in the Annalen der Physik that the field equations of gravitation 
‘completely provide the equations of material processes if the latter can be character- 
ized by four independent differential equations.’15® More light was thrown on this 
problem by Hermann Weyl who stressed the concept of gauge groups, of which the 
general transformations were an example. 


(ii) Energy Conservation 


From axioms I and II Hilbert derived the energy-momentum vector in the form 


e’ = Hp’ —a*—- b’—c*—-d’, (45) 
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with 
a= oH pV 
Ogty . 
ART = ph’ + (Trp + Dyer) 
and 
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oH 
Aa 
c= —— p,, 
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et = An). 


This energy vector, although it still depends on an arbitrary vector p’, 
identically the invariant energy conservation equation 


d/g e* 
ax? 


dx" OA,, 0A, 


satisfies 


=0. 


(46) 


Hilbert’s derivation clearly used the fact that his world function H was a general 
invariant. The question now was, how the energy theorem, Equation (46), had any- 
thing to do with the conservation of energy in Einstein’s theory? Hilbert’s approach 
was equivalent to Einstein’s theory [as presented on 25 November 1915 (Ref. 83)], 
and Felix Klein would later on take up the crucial question of energy conservation in 
Einstein’s theory. 


(iii) The Form of the World Function 


Hilbert took over Einstein’s postulate that the equations of gravitation should depend 
only on the second derivatives of the potentials (in axiom I). He then concluded 
(Axiom II) that H must be of the form 


H=R+L, (47) 
where 
R=g"'R,, 
is the invariant deriving from the Riemann tensor, the curvature, and where 
dg" GA 
L2=Ltg. aA. 48 
(« ox’ * sz) (48) 
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R,, is the contracted Riemann-Christoffel tensor of Equation (21). For the invariant 
L Hilbert proved the fact, that 


) nr) D 
# =0, 49 
0A,, OA,, o) 


leading to the result that the derivatives of the electrodynamic vector A, occur only 
in the form 
F 


r 


vv Ay » oe Ay (50) 


which means that L depends on g,,, A, and curl A, only. 
Hilbert concluded: 


This result, on which the character of Maxwell's equations depends, follows here essentially as a con- 
sequence of general invariance, i.e. from axiom II.16 


He found that in the special case of a Minkowski metric, 


the electromagnetic energy tensor of Mie is nothing but the generally invariant tensor obtained by 
differentiating the invariant L with respect to the gravitational potentials g*” and taking the limits 
[gue= 0 for 2 4 v, gus= 1] - a fact which first led me to the logically close connection between Ein- 
stein’s theory of general relativity and Mie’s electrodynamics, and gave me the conviction of the cor- 
rectness of the theory developed here.}! 


By taking the variation of H and using the Ansatz of Equation (47), Hilbert derived 
two sets of equations. The first one read 


CJ/aL 
deca. 


ag” ad 


Under the condition that the energy momentum tensor of matter is completely given 
by the electrodynamic function L, that is 


OL 
T,, = a0" : (52) 


Equations (51) turn out to be identical with Einstein’s equations (37). In his published 


* Hilbert wrote his equations (51) in the equivalent form 


Rur — 4Rour = — Tyr, (1) 
thus defining Ty» by the equation 
av gL - 
oe = Vg Ty. 


Now multiplying (1) by g#” and summing over yu and y, one obtains 
R-—-2R=-—T or R=T. (2) 
Substituting this into (1), one obtains 
Ruy = — Tyv+ 4Tgur (3) 
which is Einstein’s equation (37) for y = 1. 
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paper on ‘The Foundations of Physics’, Hilbert noted the agreement between his 
equations and those formulated by Einstein in his theory.145 

The importance of Hilbert’s result lies in the fact that the equations of electrody- 
namics immediately follow from the variational principle, by taking the variation with 
respect to the electromagnetic potentials, or symbolically, 


[Jog L], =09, (53) 


once the equations of gravitation (51) are given. This is the consequence of the Hilbert— 
Noether theorem. As Hilbert noted, ‘This is the precise mathematical expression of the 
general assertion made above about the character [-istic feature] of electrodynamics as 
a consequence of gravitation.’182 

In fact, Hilbert regarded his derivation of Einstein’s equations of gravitation, and 
generalization of the equations of electrodynamics of Mie, as a triumph of the axio- 
matic method. He remarked: 


As one can see, the few simple assumptions stated in the axioms I and II are sufficient, by analogous 
interpretation, for the construction of the theory. With [the help of] these [axioms], not only are our 
conceptions of space, time and motion reconstructed in a fundamental way, in the sense put forward 
by Einstein, but I am also convinced that through the basic equations set forth here the hitherto con- 
cealed phenomena inside the atom would find the closest explanation. In particular the reduction, in 
general, of all physical constants to mathematical constants must be possible, because it is only then 
that the possibility would come closer that, in principle, from physics would arise a science of the type 
of geometry — surely {it would be] the greatest glory of the axiomatic method which, as we have seen 
here, is the most powerful tool that analysis, namely variational calculus and invariant theory, can 
employ.163 


Hilbert was obviously fascinated by the possibility that a unified theory of gravita- 
tion and electromagnetism would explain the existence of elementary quanta [of 
matter and radiation], a possibility which Einstein would pursue the rest of his life. But 
in 1916, and during the following several years, Einstein did not think much of 
such a possibility. To Rudolf Humm, a student from Hilbert’s circle in Gottingen, 
who had gone to Berlin in the spring of 1917 to hear Einstein’s lectures and to talk to 
him, Einstein confided some of his thoughts at that time. After a visit which he paid 
to Einstein in May 1917, Humm noted: 


He {Einstein} is a bad calculator, he said; he rather works conceptually. He does not seem to believe 
to be right what we are doing in Géttingen. He himself has never thought so formalistically. His 
imagination is firmly tied to reality. He is very careful, and entirely a physicist. He does not rush 
immediately to generalize as we do in Gottingen. He explains this f{attitude] by saying that he had to 
rid himself of his prejudices very deliberately. That’s why he did not grasp straight away how a general 
invariance could exist. Rather, he had to come to this view step by step, which subsequently seemed to 
be very plausible indeed. But before that, he had real aversion to it because the quantities employed 
there — the curvature tensors — had seemed to him very unclear. 

I (Humm] suggested to him that he had taken recourse to the quantum theory in order to modify 
the theory of gravitation, while Hilbert on the other hand wanted to derive the quantum theory from 
the theory of gravitation. At this he made a roguish grin. This would not do, he said, even though the 
theory of gravitation was more general. But [in his view] the ideas of relativity could not yield any- 
thing more than gravitation.) 


Two questions are now important. First, the response of Einstein to Hilbert’s first 
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memoir on the foundations of physics. Einstein made only a few direct or indirect 
comments on this, referring to it in particular in his celebrated paper on the theory of 
general relativity in the Annalen der Physik in the early spring of 1916, which we shall 
discuss next. We shall then turn to Hilbert’s second memoir on the foundations of 
physics, in which he went beyond Einstein in the physical interpretation of the new 
theory, before we deal with the second vital question: What had Hilbert’s theory to do 
with Einstein’s? Were they in any sense equivalent? 


4. COMPLETION OF THE THEORY OF GRAVITATION 


On 20 March 1916, Albert Einstein’s paper on ‘The foundations of the theory of 
general relativity’ arrived at the Annalen der Physik.‘65 A long paper of more than 
fifty printed pages, it established the theory of gravitation within the framework of 
general relativity, and gave a complete account of the fundamental principles and the 
most important consequences. 


4.1 GENERAL COVARIANCE AND THE EQUIVALENCE PRINCIPLE 


General relativity signified a generalization of Einstein’s special theory of 1905, be- 
cause it now postulated that ‘the laws of physics must be so formulated that they re- 
main valid with respect to frames of reference in arbitrary motion.’!6¢ [Einstein 
thought that this generalization would satisfy Mach’s critique of mechanics.] An im- 
portant consequence of this postulate, Einstein noted, would be that ‘In the theory of 
ralativity, the magnitudes of space and time cannot be defined such that the differences 
of the space coordinates can be measured directly with a measuring rod, and that of 
time with a normal clock.’!67 

The introduction of a frame of reference only simplifies the description of coinci- 
dences, on which the laws of physics can be built. Of course, one has to say how the 
experiments which deal with events in space and time have to be described. This con- 
nection, in Einstein’s theory, was made through the line element in which the metric 
9,» entered, and the important generalization became: 
If the new space-time coordinates x!... x* are introduced by means of an arbitrary substitution, 
then in the new system the gy» are no longer constants but functions of space-time. At the same time, 
the motion of a free mass point in the new coordinates becomes curvilinear, rather than uniform, 
whereby the law of motion becomes independent of the nature of the moving mass point. We shall 
interpret such motion as taking place under the influence of a gravitational field. We note that the 
appearance of a gravitational field is tied together with the variation of gy» with respect to space-time. 
Also in the general case, where we cannot ensure the validity of special relativity in a finite region by an 
appropriate choice of the coordinates, we will have to hold on to the view that the gor describe the 
gravitational field. 

In the theory of general relativity, gravitation plays an exceptional role above all other forces, in 


particular the electromagnetic. This is so because the ten functions ger which represent the gravita- 
tional field also determine the metrical properties of the four-dimensional space.** 


Although the fast remark might seem to pinpoint the difference in the points of 
view of Einstein and Hilbert, it is quite consistent with Hilbert’s results. In fact 
Hilbert had clearly stated that once the equations of gravitation are given, and thus 
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also the metric, important consequences for the laws of electromagnetism would 
follow. That Einstein did not like this conclusion, he made amply clear later on. 

It is perhaps worthwhile at this point to mention the discussions about the physical 

meaning of general relativity, the principle of equivalence in particular, which Ein- 
stein had with Friedrich Kottler and Erich Kretschmann, soon after the publication of 
his paper on general relativity in 1916. Kottler raised the question whether Einstein, 
in his final formulation of general relativity, had given up the real principle of equi- 
valence.!6® Einstein insisted that this was not so and, in any case, it depended on what 
one understood by the principle of equivalence. Insofar as he was concerned, this 
principle was the very ‘basis of my theory’. !7° The essential point about the equiva- 
lence principle, in Einstein’s view, is its dynamical nature. 
By no means can one assert that the gravitational field can be thought of as being purely kinematical. 
A ‘kinematic, non-dynamical formulation of gravitation’ is not possible. By merely transforming from 
a Galilean system to another through the acceleration transformations, we do not learn about arbitra- 
ry gravitational fields, rather only about those particular ones which must also satisfy the same law 
as all gravitational fields. This is again only another formulation of the equivalence principle (especial- 
ly, in its application to gravitation). 

A theory of gravitation violates the equivalence principle in a sense, as I understand it, only if the 
equations of gravitation are not satisfied in any reference frame which moves non-uniformly relative 
to a Galilean frame of reference. It is quite evident that this criticism cannot be leveled against my 
theory with the general covariant equations, for in this case the equations are valid with respect to 


every frame of reference. The requirement of general covariance of the equations includes that of the 
equivalence principle as a special case.17™ 


Kottler’s other questions referred to how fundamental were the various concepts 
that had been used in Einstein’s theory, in particular the ‘energy tensor of the gravita- 
tional field’. These, Einstein replied, were convenient names rather than deep concepts; 
the only real concept in general relativity, according to him, was general covariance. 

Kretschmann’s attempts were directed towards another question related to the 
equivalence principle.!72 He started from the observation that all physical laws could 
be brought into a general covariant form by mathematical re-arrangement. He 
thought: 


It must be possible, however, to ascribe some significance to the postulates of realtivity other than the 
purely formal mathematical one. For only when such a significance is present could one explain, for 
instance, the obvious and generally recognized impossibility of adapting the notion of the rigid body 
(which, more than anything else, is so easy to characterize by means of purely topological features) to 
Einstein’s original theory of relativity.175 


Kretschmann sought to sharpen the physical and conceptual content of relativity 
by considering an example in four-dimensional geometry and attempting to bring it 
into agreement with a generally valid formulation of an arbitrary postulate of relativ- 
ity.173 He emphasized that: 

A system of physical laws fulfills the relativity postulate of a group (G) of invariant transformations if, 
and only if, for every representation of arbitrary form of precisely these laws of the system, the physically 
valid (and thereby distinguishable, in principle, from all others by observation) inertial systems required 
for its representation form such a large set (under all the possible physical conditions permitted by the 


laws), that the set of transformations relating them comprises the group G in some fashion or is identical 
with it)74 
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According to this statement, the validity of the relativity postulate for a system of 
physical laws is independent of the form of its mathematical expression, and is deter- 
mined entirely by its physical content. Einstein’s relativity postulate was weaker than 
this, Kretschmann insisted, and only stated that all coordinate frames were possible. 
The theory of general relativity, he said, did not satisfy any sharply defined principle. 
‘In a physical sense, Etnstein’s theory does not satisfy any postulate of relativity at all; 
in its content it is a perfectly “‘absolutist’’ theory.’!75 In his reply, re-stating the 
principles of the general relativity theory, Einstein stressed the heuristic value of 
general covariance.!76 He maintained that the theory did in fact lead to a new equa- 
tion for the gravitational field, and that was significant. 


4.2 THEORY OF THE GRAVITATIONAL FIELD 


After a lengthy section on a treatment of the mathematical tools in which, for in- 
stance, he introduced the sum convention [i.e., sum always over two equal indices in 
different positions!?7], Einstein presented the theory of the gravitational field in his 
famous paper of 1916. He had already, in the mathematical section, argued that g 
could not vanish: 
Should / —g vanish at a spot in the four-dimensional continuum, then it signifies that a finite coordi- 
nate volume there corresponds to an infinitesimal ‘natural’ volume. This, however, may not be so any- 
where, and therefore the sign of g cannot change. Following special! relativity, we sall assume that g 
always has a finite negative value. This represents a hypothesis about the physical nature of the conti- 
nuum under consideration and at the same time a determination of the choice of coordinates. If, 
however, «/ —g is always positive and finite, then it is obvious that a posteriori the choice of coordinates 
can be made such that this quantity is equal to 1.178 
The equations then become much more simplified. 

Einstein developed the theory in two steps. First, he set up the equations of gravita- 
tion without the presence of matter. 


We distinguish in the following between the ‘gravitational field’ and matter in the sense that every- 
thing outside the gravitational field is regarded as ‘matter’ — i.e. not only ‘matter’ in the ordinary 
sense, but also {including} the electromagnetic field.17* 

In the case of special relativity, te. g,, being constants, the Riemann—Christoffel 
tensor given by Equation (20) is identically zero. The generalization of this situation 
clearly requires 

Rw = Roov =Q. (54) 
Einstein stated: 


It must be pointed out that only a minimum arbitrariness is connected with these equations. For, 
other than Rur, there is no tensor of the second rank connected with it which can be constructed from 
the gu» and their derivatives, which does not contain higher than second order derivatives, and is 
linear in them.!8° 


And he added, 


That these equations, which follow from the requirement of general relativity in a strictly mathema- 
tical way and, together with the equations of motion, yield Newton’s law of attraction in the first 
approximation and the explanation of the excess (i.e. the excess remaining after the perturbation 
correction has been included) perihelion motion of Mercury (discovered by Leverrier) in the second 
approximation, should in my opinion be convincing regarding the correctness of the theory.?*! 
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Einstein then derived the field equations from a Hamiltonian principle, using the 
Hamilton function 


bs Nia ber ate (55) 
The energy of the gravitational field is thus conserved, or 
ore 
eG 56 
= (56) 


with 
yts = 4559" To, — gel Se. 


Although f% is not a tensor, the conservation equation is valid in all systems with 


J/-9= 1, and therefore the energy and momentum of the gravitational field are 
conserved. 

The generalization of the equations of gravitation (54) starts with the assumption 
of a symmetric energy tensor 7,,.182 Since Equation (54) can be written as 


7) 
5-5 (0° a9) = — 9 (05 ~ 4531), 


with 
t=" 


Re? 


(57) 


one immediately obtains the equations of gravitation in the presence of matter by re- 
placing it through 


7) 
jge (OT ne) = — VL + Tr) — 28: (8 + TY]. (98) 


Equation (58) is equivalent to the Hilbert-Einstein equation (37). 
Concerning this ‘derivation’, Einstein remarked: 


We must admit that the introduction of the energy tensor of matter by means of the postulate of 
relativity alone is not justified. For this reason, we have derived it above from the requirement that 
the energy of the gravitational field should act [i.c. gravitate] in the same way as every other form of 
energy. The strongest reason for the choice of the above equations (Equations (58)] is that they yield 
the conservation relations for the components of the total energy (energy and momentum) as a 
consequence. 183 


The energy-momentum conservation can thus be obtained directly from the field 
equations (58). The occurrence of the gravitational energy term in the conservation 


equation is equivalent to 

oT; 

—<=—%,T!. 59 

ox" of ( ) 
This condition expresses the influence of the energy of the gravitational field, and 
Einstein remarked, referring to Hilbert’s four auxiliary conditions: 


Thus the field equations of gravitation contain four simultaneous conditions, which material processes 


must satisfy. They yield the equations of a material process completely, provided the latter can be 
characterized by four independent differential equations.1*4 
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Immediately afterwards, however, Einstein stated that all laws of physics could be 
generalized into a covariant form without restricting the possibilities offered by 
special covariance. 


This fact explains why it is not necessary to introduce special assumptions about the nature of matter 
(in a restricted sense). In particular, the question may remain open whether or not the theory of the 
electromagnetic and gravitational fields together provides a sufficient basis for the theory of matter. 
The postulate of general relativity, in principle, cannot teach us anything about it. Only the further 
development of the theory will show whether the principles of electromagnetism and gravitation to- 
gether can accomplish what the former [electromagnetism] alone cannot.!£5 


4.3 CONSEQUENCES AND APPLICATIONS OF THE THEORY OF GRAVITATION 


Einstein generalized Euler’s equations of hydrodynamics and Maxwell’s equations of 
electrodynamics, without changing the structure of the latter. His treatment stands in 
sharp contrast to Hilbert’s, for whom his own derivation of Mie’s equations of electro- 
dynamics from the equations of gravitation, in the limiting case of special relativity, 
meant a particular triumph. For this, Einstein criticized Hilbert rather sharply. In a 
postcard to Ehrenfest he wrote: 
1 do not like Hilbert’s formulation. It (Hilbert’s formulation] is needlessly specialized and, as far as 
matter its concerned, unnecessarily complicated. It is not honest (= Gaussian) in design, {and reflects] 
the pretension of a superman by a camouflage of techniques.’!87 

Einstein’s triumph was not the field theory of matter but the correct theory of 
gravitation, which led to Newton’s theory and the bending of light in the first approxi- 
mation, and to the rotation of the perihelion of Mercury in the second. The approxi- 
mation which reproduced Newton’s law of gravitation was that the metric g,, be- 
comes Minkowskian in the limit of spatial infinity, and that the term dx*/ds is large 
compared to the other quantities [dx'/ds, etc.]. The equation of motion of a massive 
particle, in a static gravitational field, thus becomes 


d?x‘ 1a 
eal ene re yc) Bs (60) 


in agreement with Newton’s result. Only the potential go, plays a role in this approxi- 
mation and the Poisson equation becomes 


AJoo = 0» (61) 
(y = 82k/c” = 1.87 x 107?” c.g.s. units). 
For the bending of light by the sun, Einstein found 1.7 seconds of arc.*88 
The calculation for the rotation of the perihelion of Mercury was based upon the 
vacuum equations (54). Making an Ansatz of radial symmetry, one finds in the first 
order 


Gar = — Se — 0S, (4, ¢ = 1, 2, 3), 

I20=G9oun =9, (4 = 1,2, 3) (62) 
a 

Joo =1—-. 
r 
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However, in the second order, the motion of a planet of small mass deviates from the 
Kepler-Newton laws. The orbit obtains, in the direction of the motion, a small 
rotation of magnitude 


az 


T?c? (1 —e*)’ 
where a is the semi-major axis, e the eccentricity of the orbit, T the period of the planet, 
and c the velocity of light.188 

Soon after the publication of his memoir of 1916 on the foundations of the theory 
of general relativity, Einstein began to seek new conceptual developments of the 
theory. One of the first such developments was the introduction, in a note on the 
approximation integration method for the field equations of gravitation, of the con- 
cept of gravitational waves.18® From the Ansatz 


e=24n° 


(63) 


Guv = — Nav + hiny ’ (64) 
Einstein stated that 


Nis = N22 = N33 =— 1 = M443 Nw = 9 for py 


where, in first approximation, 4,, is small compared to |. According to a proposal of 
de Sitter, the first order calculation is simplified by not choosing coordinate systems 


with ./ —g=1. Choosing new small parameters defined by, 
Yu = Res es + PR ee (65) 


the equations of gravitation become 


Oyu, Yue Oy ve 0", 
te = ae — Y : z 2 _ = 2yT,,,; (66) 
Ox™ Ox” dx* dx* dx Ox" Ox 
and reduce to 
a7y 
8 = = 27 T, 67 
n ox? ox? Y py ( ) 
if 
OV is 
Lg, (68) 


Ox? 


The latter restriction can be imposed because of general covariance.!®9 This reasoning 
of Einstein is exactly the same as Hilbert’s. 

From Equation (67), one finds that gravitational fields propagate with the velocity 
of light, and the potentials 4,, or y,, can be calculated from the T,,, 

T,,y (Xo, Yoo Zo, — 8 
esi dV, uv (Xo Yor Zo ) (69) 
21 r 

where dVy=dXpo dyo dzo. Since T,, is of the second order in ,,, using a wave Ansatz 
and evaluating carefully, one finds 


Vav = ay tf (x + x°), 
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where 
a, + ia, =O, (70) 
and one obtains a solution of the problem with 
I a> — 033)" 
=f" (M2253) a2 ; (71) 
4y 2 


Waves with «,,—a,, and «3, equal to zero are spurious. 

Considering the total emission of gravitational ‘radiation from a body, Einstein 
found that it is always finite, and in conclusion he remarked that, ‘Already in the ear- 
lter treatment, we had emphasized that the final result (requiring an energy loss from 
bodies) of this consideration must arouse doubts about the general validity of the 
theory. It appears that an improved quantum theory would also bring about a modi- 
fication of the theory of gravitation.’91 


4.4 THE COSMOLOGICAL TERM 


Einstein’s second extension of the theory of gravitation was his introduction of the 
so-called cosmological term or constant.!®?2 Starting from the consideration that 
Poisson’s equation does not entirely replace Newton’s theory of gravitation if one 
does not add the condition that the potential @ becomes finite in the limit of spatial 
infinity, Einstein looked for similar conditions in the theory of relativity. This condi- 
tion, however, leads to difficulties even in Newton’s theory, because the density of 
matter then has to be zero at infinity and stars could escape into the space beyond. A 
possibility of avoiding this conclusion would be to assume a very high value of the 
potential at infinite distances. “This would bea feasible way, if the form of the gravita- 
tional potential were not determined by the celestial bodies themselves,’ Einstein 
thought.!93 If equilibrium is assumed, with the presence of a finite potential difference 
between the centre and the infinity of space, the ratio of the densities must be finite; 
given a zero density at infinity, there must follow a zero density everywhere else. 
Einstein then noted: 

These difficulties would hardly be overcome within the framework of Newtonian theory. One might 
ask whether they could be avoided by a modification of Newton’s theory. Here we shall propose a 


way for which no claim is made to be taken seriously by itself, but it serves to bring the following into 
better focus. Replace Poisson’s equation by, 


Ag — Ag =4nrke, (72) 
where 1 denotes a universal constant. Let go be the (uniform) mass density, then 
4nk 
¢o= — ze (73) 


is a solution [of Equation (72)}.1%4 


Einstein thus introduced a finite average density of matter. The real density distribu- 
tion leads to accumulations of g, and over and above the constant potential $5 a 
Newtonian potential due to 4xkg is added. Space thus constructed could extend to 
infinity, but this would not be true in general relativity if the equations of gravitation 
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were modified by the ‘cosmological term’. Einstein’s reasoning was that, ‘In a logically 
consistent theory of relativity, there can be no inertia relative to space, but only a 
mutual inertia of masses. Hence if a mass is removed spatially far enough from all 
other masses of the universe, then its inertia must go to zero.”!®5 An infinite space does 
not meet this Machian condition, Einstein concluded, after computations of models 
with Grommer, because one cannot find suitable boundary values at infinity. But 
if the universe could be imagined as a spatially closed but unbounded continuum, boundary conditions 
of that kind would be totally unnecessary. I will show below that both the postulate of general 
relativity, and the fact that the velocities of fixed stars are insignificant, are consistent with the hypo- 
thesis of a spatially closed, unbounded universe. However, in order to carry through this fundamental 
idea, it is necessary to make a general modification of the field equation.1** 

Einstein considered a spherical space with constant curvature and radius a, leading 
to the metric 

X4X¢ 

a® — (x? + x3 + x3)’ 
Joo = 1 and G2 = 9, (4 = 1, 2, 3). 


Gace = — ge + (4,¢2= 1, 2, 3) (74) 


This metric is compatible, not with the equations of gravitation (37), but with the 
generalized equations [i.e., those including the cosmological term], 


Ryy = AG av =r) (Tyy =e 49,17) * (75) 


For sufficiently small A, this field equation is in any case also consistent with the empirical facts per- 
taining to the solar system. It also satisfies the conservation of momentum and energy, because one 
obtains Equation [(75)] instead of Equation {(37)] if, in Hamilton’s principle, in the place of the 
scalar of Riemann’s tensor one uses this scalar together with an additional universal constant. In this 
way fi.e. using Hamilton’s principle] the conservation laws are assured. That the field equations [75] 
are consistent with our notions concerning field and matter will be shown below... .19? 


In Hilbert’s formulation, the field equations (75) could be obtained very easily, just 
by replacing R by R +A in Equation (47). 
For the cosmological term A, Einstein obtained the expression 


He was now ready to sum up these considerations: 


The theoretical conception of the real world corresponding to our ideas would therefore be the 
following. The curvature of space varies with the temporal and spatial distribution of matter, but it 
can be roughly approximated by a sphere. In any case, this notion is logically consistent, and from 
the standpoint of general relativity the most obvious; whether it is also valid in the light of current 
astronomical knowledge will not be discussed here. In ordertoachieve this logically consistent formula- 
tion, we had to introduce a new generalization of the gravitational field equations, which however is 
still not justified by our actual knowledge of gravitation. It should be emphasized, however, that a 
positive curvature of space by the presence in it of matter also comes about if the additional term 
{universal constant] is not introduced. The latter is only necessary in order to allow for a quasi-static 
distribution of matter, which corresponds to the fact of the insignificant velocities of fixed stars.1** 


In any case, Einstein was very content with general relativity, and he felt really ful- 
filled as confirmations of his predictions were obtained, the most important perhaps 
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being the measurements of the deflection of light from the sun which were carried out 
during the solar eclipse expedition of 1919 led by Eddington. When Eddington’s cable 
with the results of the expedition arrived, Ilse Rosenthal-Schneider was with Einstein 
and he showed it to her. At her joy that the results agreed with his theory, ‘He re- 
marked totally without enfotion, “I knew that the theory was correct.’’ And when I 
told him what if there had been no verification of his prediction, he replied, “‘I would 
have felt sorry for the dear Lord! The theory is, of course, all right.’’’199 


5. PHYSICAL INTERPRETATION OF GENERAL COVARIANCE 


In his paper of 1916 on general relativity, Einstein sought to interpret the meaning of 
general covariance. An important postulate of all physical laws is their causal struc- 
ture, and a causal ‘law has significance for the empirical world only if observable facts 
alone appear as causes and effects’.2% The postulate of general covariance takes 
away from space and time 
the last vestige of physical objectivity .... All of our assertions concerning space-time always amount 
to the measurements of space-time coincidences. If, for instance, the physical process is only the 
motion of a material point, then in effect nothing more could be observed than the encounters of two 
or three such points. The results of our measurements are in fact nothing but the statement of such 
encounters of material points of our apparatus with other material points, or coincidences respectively 
between the pointers of clocks, dials, and other point-events under observation, occurring at the same 
place and time.*°! 

Writing to Besso on 31 October 1916, after a visit to Holland, Einstein elaborated 
these points further: 
The objective significance of space and time lies in the first instance in that the four-dimensional conti- 
nuum is hyperbolic, in such a way that originating from every point there are spatial and temporal 
line elements, i.e. those for which ds*> 0 and ds?< 0 respectively. The coordinates x* per se do not 
have spatial or temporal character. In order to uphold usage, those systems are to be preferred for 
which 

goo dx*)? > 0, — gia(d-x!)® + Agnedxtdx? +... + gsa(dx*)? < 0. 

However, an objective justification of this kind is not involved in this choice. Hence the ‘spatial’ or 
‘temporal’ character is real. But nature has not made one coordinate temporal and other spatial.?°? 


It was exactly on this basis that Hilbert, in his axiomatic approach to the founda- 
tions of physics, developed his own physical interpretation of covariance.?°% 


5.1 AXIOM OF PHYSICAL INTERPRETABILITY 


In his second memoir on ‘The foundations of physics’, presented to the G6ttingen 

Academy on 23 December 1916, Hilbert developed further the axiomatic foundations 

of general relativity by emphasizing ‘some more general questions of a logical and 

physical character.’2°4 He considered the Riemannian metric g,, in x-t space and 

formulated, what he later on called his Axiom IV, the space-time axiom. He asserted: 
‘The quadratic form 


G(x',.x) 3.x) =) ox" 
nv 
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is such that, in its representation as a sum of four linear quadratic forms of x*, there 
always appear three square [terms] with the positive and one square [term] with the 
negative sign.’205 

The quadratic form, given above, therefore gives the metric of a pseudo-geometry 
in the four-dimensional world of x*. Hilbert then defined the space-and time-lines, 
calling the segment of a curve x*=x"(p), for which 


dx 
a(S) >0, (77) 
dp 


dx? 
i= {ar Jo(%), (78) 
dp 


and a segment of the curve, where 


a ‘space-line’, with the length 


dx" 
(=) <0 (79) 
dp 


a ‘time-line’ with the proper time [i.e. the time as measured by an observer moving on 


this world-line]. 
d u 
c= {ar /-6(%), (80) 
dp 


(5) =0. (81) 


For a ‘null line’, therefore, 


He remarked: 


In order to elucidate this notion of pseudo-geometry, Iet us imagine two ideal measuring devices: 
the measuring string, by means of which we can measure the length A of any path; and, second, the 
light-clock by means of which we can determine the proper time of any time line. The measuring string 
reads null and the Jight-clock stands still along every null line; whereas the string cannot be used along 
the time line, the clock cannot be used along the space line.?°* 


With either of these devices it should be possible to compute the values of g,, as a 
function of x“, if only one introduces a certain space-time frame of reference. It is, 
moreover, straightforward to axiomatize the pseudo-geometry suitably. 


5.2 RESTRICTIONS DUE TO CAUSALITY 


The above considerations have important consequences for the problem of causality, 
as Hilbert pointed out: 

Until now we have considered al] coordinate systems x#’, which arise from any arbitrary transforma- 
tion, as equivalent. This arbitrariness must be restricted as soon as we insist that two world points on 


the same time-line can be related to each other by cause and effect, and therefore it should be impos- 
sible to transform such world points into simultaneous worid points. By designating x® as the proper 
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time coordinate, we define: For a proper space-time coordinate system, not only g # 0 always, but 
the four inequalities 


Jil giz giz 
gu>0, ee fiz) 0, gu g22 g23} >0, goo<O0 (82) 
1921 g22 g3i g32 g33 


are also always Satisfied. A transformation which takes one such space-time coordinate system into 
another space-time coordinate system is called a proper space-time transformation.*°? 


Hilbert’s treatment was so straightforward and classical that Pauli took over an en- 
tire section of this paper in his review article on the theory of relativity.2°8 Reichenbach 
did the same in his axiomatization of general relativity.2¢* In his memoir, Hilbert went 
on to discuss the usual principle of causality, namely the postulate that from the know- 
ledge of the physical quantities and their appropriate derivatives in the present, they 
can also be determined in the future. In general relativity this principle seemed to be 
violated, but it could be restored in the following way: ‘From a knowledge of the 14 
potentials g,,, A, at a given moment, one can necessarily and without ambiguity 
infer all facts of interest about them at a later time, if only they have a physical 
meaning.’210 

By introducing physically meaningful results Hilbert sharpened the formulation of 
the causality principle, thereby completing the axiomatic structure of the new physics: 


As I have pointed out, physics is a four-dimensional pseudo-geometry, whose metric gyy is related to 
the electromagnetic quantities, that is matter, by the basic equations (4) and (5) of my first communi- 
cation. With this realization, a long-standing geometrical problem can be readily resolved: namely, 
the problem whether, and in which sense, Euclidean geometry (which is only known from mathe- 
matics to be a logically consistent structure) has validity in reality. 

The old physics, with its notion of absolute time, assumed the axioms of Euclidean geometry and 
made them the basis of every physical theory. Even Gauss hardly differed from this [approach]. He 
constructed hypothetically a non-Euclidean physics, retaining the concept of an absolute time, and 
waiving only the axiom of parallels of Euclidean geometry. The measurement of the [inner] angles of 
a triangle of large dimensions convinced him of the invalidity of this non-Euclidean physics. 

The new physics of Einstein’s general relativity principle takes an entirely different approach to 
geometry. It does not rely upon either the Euclidean or any other geometry in order to deduce the 
actual laws of physics. Instead, the new theory of physics at once yields, from one and the same 
Hamilton principle, the geometrical and physical laws [i.e. the fundamental equation (4) and (5) of 
Hilbert’s first memoir]. These equations show how the metric gyr, which also gives the mathematical 
expression for the physical phenomenon of gravitation, is connected with the values of the electro- 
dynamic potentials Ax. 

The Euclidean geometry is as foreign to modern physics as action-at-a-distance. Insofar as the theory 
of relativity rejects it [Euclidean geometry] as the general basis of physics, it [the theory of relativity] 
teaches us that geometry and physics are equal in rank, comprising one science resting upon a com- 
mon foundation.?!! 


5.3 HiILBERT’S CONCLUSION 


Hilbert concluded that the only solution of the equations of matter (i.e. the equations 
of gravitation and electricity), which is consistent with Minkowskian geometry, is one 
in which all sources of matter and electricity are removed, because from the equations 
of gravitation in this metric it follows that 


a Jal 
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This is both a necessary and a sufficient condition. 


It is impossible to obtain a regular metric, which at the same time is not pseudo-Euclidean and yet 
corresponds to a universe without electricity, by the variation of the metric of pseudo-Euclidean geo- 
metry under the assumptions J and I. [The first assumption being that the variation from the pseudo- 
Euclidean geometry does not depend on the time variable, and the second that the variations should 
behave regularly at infinity.}*** 


Central to Hilbert’s conclusion is the assumption that the metric g,, remains regu- 
lar. Hilbert emphasized his belief that ‘it is only the regular solutions of the funda- 
mental equations of physics that represent reality immediately.’*13 He also believed 
that the solutions which were not regular did provide an important mathematical tool 
in approximating characteristic regular solutions, citing the Schwarzschild solution 
of Einstein’s equations, which are singular at r =0, as an example.2!4 With these con- 
siderations Hilbert concluded his treatment of the foundations of physics, a work 
whose significance in the development of the general relativity theory of gravitation 
has seldom been appreciated. 


6. HAMILTON’S PRINCIPLE AND THE 
CONSERVATION LAWS 


In his celebrated Encyclopaedia article on the theory of relativity, Pauli explicitly 
acknowledged Hilbert’s formulation of the law of gravitation, Equation (37), and re- 
marked: 


At the same time as Einstein, and independently, Hilbert formulated the generally covariant field 
equations. His presentation, though, would not seem to be acceptable to physicists, for two reasons. 
First, the existence ofa variational principle is introduced as an axiom. Secondly, of more importance, 
the field equations are not derived for an arbitrary system of matter, but specifically based on Mie’s 
theory of matter.#25 


Pauli’s comments about Hilbert’s formulation, in which he had introduced the 
variational principle as an axiom, merely reflected the prevailing taste of the day. 
During the late nineteen-tens and early twenties [Pauli’s article was published in 1921], 
several prominent theoretical physicists shared a belief that a Hamiltonian principle 
should not necessarily be used to describe the laws of physics. The main reason for this 
feeling was that there existed great difficulties at that time with respect to the descrip- 
tion of the laws of microscopic physics. Although many of these difficulties were 
removed after the creation in 1925 of a consistent theory of atomic phenomena, there 
has again been a resurgence of doubt whether the laws of high energy physics can 
be formulated by using a variational principle. In the macroscopic domain, however, 
with which, according to expert scientific opinion, general relativity seems to deal 
principally, Hilbert’s procedure of assuming a Hamiltonian principle as a fundamental 
axiom is now regarded as being well justified.216 

The question persisted, of course, whether the two theories, Hilbert’s and Einstein’s, 
were identical. Lorentz and Einstein dealt with this question initially, and the proof 
was finally completed by Klein. 
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6.1 LORENTZ AND THE HAMILTON PRINCIPLE IN EINSTEIN’S THEORY 


In a letter to Lorentz, dated 16 August 1914, Einstein discussed several details of the 
theory of general relativity which he had developed with Grossmann, in particular 
the meaning of energy conservation.”“? Already in 1915, before the new developments 
of the theory were published by Einstein and Hilbert, Lorentz studied the problem 
of the conservation of energy in a note on ‘Hamilton’s principle in Einstein’s theory 
of relativity’, which he submitted to the Royal Dutch Academy of Sciences.2478 Lorentz 
thought that 


the discussion of some aspects of Einstein’s theory of gravitation would perhaps gain in simplicity 
and clarity, if it were based on a principle similar to that of Hamilton’s, so much so indeed that 
Hamilton's name might properly be attached to it. Now that Einstein’s theory is available, we can 
easily determine how this variational principle should be formulated for different kinds of systems and 
for the gravitational field itself.#4* 


Einstein had already shown that one could derive the equation of motion of a 
material point in the gravitational field from the Lagrangian 


d eats 
L=- m= =— m/4g,70 (84) 


where 
vo = dx"/dt. 


Equation (84) could be generalized to describe continuous matter if mv" were replaced 
by go“, and L expresses a Lagrangian density. Lorentz then derived the equations of 
motion under a given force, and finally turned to the motion of a charged particle in 
electromagnetic and gravitational fields. From the theory of electrons two sets of 
equations arise. Lorentz considered one of these sets as defining the mathematical 
description of the system, and derived the second set from Hamilton’s principle. By 
varying the electromagnetic potentials, he obtained Maxwell’s equations and the 
laws of conservation of energy and momentum. The equations of gravitation could 
be derived from the Hamiltonian, including Einstein’s function H defined by Equation 
(29), and varying it with respect to the gravitational potentials. Lorentz found full 
agreement with the results of Einstein, including the fact that the total energy and 
momentum are only conserved in systems of adapted coordinates, as defined by 
Equation (28). 

Shortly after the appearance of Hilbert’s first memoir on the foundations of physics 
in November 1915, and Einstein’s papers of November 1915 and his memoir on general 
relativity early in 1916, Lorentz published a second note on ‘Einstein’s theory of 
gravitation’.2!® He wrote: 


In the pursuit of his important researches on gravitation Einstein has recently attained the goal which 
he had constantly kept in sight: he has succeeded in establishing equations whose form is not changed 
by an arbitrarily chosen change of the coordinate system. Shortly afterwards [sic], working out an 
idea that had already been expressed in one of Einstein’s papers [sic], Hilbert has demonstrated the 
use that may be made of a variation law, which may be regarded as Hamilton’s principle in a suitably 
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generalized form. With these results, the theory of general relativity may be said to have taken a 
definitive form, although much remains to be done still in its further development and application to 
special problems. It would also be desirable to present the fundamental ideas in as simple a form as 
possible.22° 


Lorentz took the general function H, the ‘principal function’, to consist of ‘three 
parts, of which the first relates to the material (mass) points, the second to the electro- 
magnetic field, and the third to the gravitational field itself.’ 22! For the first part, he 
used the function L, Equation (84), giving the kinetic term, and it turned out to be 
invariant under general transformations. Passing on to the second part, Lorentz 
remarked that ‘the mathematical expression for this part was communicated to me by 
Einstein in our correspondence. It is also to be found in Hilbert’s paper, where it is 
remarked that the quantity in question may be regarded as the measure of the curvature 
of the four-dimensional generalization to which [the expression for the line element] 
relates. Here we shall talk only about the interpretation of this quantity.’222 Again 
the term K, which Hilbert had used, could be interpreted with the help of Gauss, and 
it did not change with coordinate transformations. That part of the principal function 
which is due to the curvature is given by 


1 
H,=+ ac dQ, (85) 
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where y is the gravitational constant, and dQ a four-dimensional volume element. The 
derivation of the electromagnetic part took rather long, but again the generalization 
of the usual expression was obtained, containing the sum of &? and #7, i.e. the scalars 
of the electric and the magnetic fields in suitable form.223 

In his third and fourth communications on this subject, Lorentz derived the Hilbert— 
Einstein field equations, in particular Equation (37), by a variation of the gravitational 
potential for the two cases, namely the 7,, being due to the electromagnetic or the 
mechanical part respectively. Altogether Lorentz had produced a complete proof of 
the equivalence of Einstein’s inductive and Hilbert’s deductive methods, treating all 
the delicate points clearly and in detail. 


6.2 EINSTEIN AND THE HAMILTON PRINCIPLE 


Nevertheless, Einstein returned to a discussion of this problem at the session of the 
Prussian Academy on 26 October 1916.224 He obviously felt that he should give the 
connection between Hilbert’s formulation and his own, a still simpler form, and also 
take a stand against Hilbert’s attempt to incorporate Mie. He did not waste any time 
in guarding his own stake in this problem. 


Lorentz and Hilbert (note the order of these names] have recently succeeded in presenting the theory 
of general relativity in an especially clear form, by deriving its equations from a single variational 
principle. We shall also follow the same method in this work. In doing so, I shall attempt to present 
the fundamental connections [between Hamilton’s principle and general relativity] as clearly and 
generally as possible, as far as the standpoint of general relativity permits. In particular, especially in 
contrast to Hilbert, as few restrictive assumptions as possible about the constitution of matter will be 
made. On the other hand, contrary to my own previous paper, the choice of the coordinate system 
shall remain perfectly free.?#5 
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Einstein reformulated the Hamiltonian function for the variation by letting it 
depend only on the first derivatives of g,, and A,. Again, the Hamiltonian function 
had to be split into a gravitational part and all the rest, by assumption, otherwise the 
equations of gravitation, etc., would not follow. He easily derived the conservation of 
energy and momentum, including both the matter tensor 7,, and the field energy 
tensor /,,. From the latter equations, and the field equations of gravitation, there 
would follow the four equations 

OT; 1g” 

ax” 20x 
for the energy-momentum tensor of matter. These are essentially Hilbert’s four con- 
ditions, which Einstein did not want to link with Mie’s equations of electrodynamics. 
First, he did not like the latter, and second, because he was not convinced that electro- 
dynamics alone could provide a complete theory of matter. Einstein changed this 
attitude in his later years, but at the time when Hilbert and Weyl professed interest in 
the electromagnetic theory of matter, he was strongly opposed to it. 

Clearly, Einstein’s conservation law for the energy tensor and Hilbert’s four con- 
ditions for the energy tensor of matter are closely linked. We shall pursue this con- 
nection in some detail in the next section, thereby seeking to make a little more evident 
the meaning of energy conservation in general relativity. Let us mention here only 
that the so-called energy conservation law to which Einstein and Lorentz addressed 
themselves appears more like the definition of the energy tensor of gravitation #,, than 
a physical law. The fact, that it was possible to find a t,, which depends only on the 
gravitational fields and its derivatives, might be considered important. But that is not 
really surprising, since the total principal function H had been assumed to consist 
of two parts, one of which contained entirely the gravitational term R. 


T., =0 (86) 


RY 


7. GENERAL COVARIANCE AND CONSERVATION LAWS 


After strenuous efforts, having followed several dead-ends, Einstein had succeeded 
in establishing a consistent theory of general relativity. The mathematicians, whose 
illustrious ancestors had laid its mathematical foundation, happily took up the devel- 
opment and further interpretation of the new theory. Some disagreement arose on 
a basic question concerning its physical interpretation. Einstein, in this case, stuck 
to a more formal approach, putting a formal energy conservation law in the forefront. 
The reason is to be found in his earlier procedure, in which full covariance was rather 
doubtful [see Section II.4]. Hilbert, on the other hand, tried to exploit covariance 
physically. Finally it was Klein, the author of the Erlangen Programme and grand 
old master of geometry, who, in his last important work, completed the synthesis of 
the views of Einstein and Hilbert — the synthesis, in a sense, of the theory of relativity 
and the theory of invariants. In 1917, he published two memoirs dealing with ‘energy- 
momentum conservation’ in general relativity. Shortly before this, in an exchange of 
letters with Hilbert, Klein clarified the meaning of the four conditions which Hilbert 
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had discovered in this context. What escaped Klein was the fact that there existed 
an even more elegant connection with the equations of general geometries, the Bianchi 
identities. 

7.1 ENERGY CONSERVATION AND THE THEORY OF INVARIANTS 


In an extensive memoir 226 on ‘the differential laws for the conservation of momentum 
and energy in Einstein’s theory of gravitation’, which Klein communicated to the 
Gdttingen Academy on 19 July 1918, he attempted to unify the different forms of the 
differential laws for the conservation of energy and momentum that could be found 
in the papers of Einstein, Lorentz and Hilbert. The important tool which he used in 
doing this was the theory of invariants.22? 

Under the assumptions of Einstein, Hilbert, and Lorentz, the variational integral 
could be split into two terms, of which only one contains the curvature scalar R. 
Klein proceeded in three steps: first he considered R as a function of g*” and its first 
and second derivatives; then he drew conclusions from the fact that R is an invariant 
under generally covariant transformations; finally he used the fact that & is an in- 
variant of specific form and content. From this procedure, there followed a set of 
differential relations which could be interpreted in physical terms. 

From the fact that R is a function of g#” and its first and second derivatives, Klein 
derived the equation 


Ow? 
BR, gr =2—, (t=1,...,4) (87) 
Ox 
where 
ms ma o v og” 
B= J/g Ry and W=/g U7, and g? a 


Here @ is a mixed tensor under linear transformations. But due to the fact that R is 
generally invariant, one finds that the divergence of #+ is generally covariant. 
Altogether Klein deduced 152 equations containing # and @ and their derivatives, 
but not all of them were independent. One specific set reproduced three vector equa- 
tions, 


OF? ae 
s+ 1T nat” =0, (88a) 
and 
1 
aa: ze «;) 
=, 88b 
Ox? ASSe) 
and 
OFF + 4 
Aiea =Q, (88c) 
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which, in this sequence, are identical with Hilbert’s four conditions, and with Lorentz’ 
and Einstein’s conservation laws. The second set essentially reproduced Hilbert’s 


Pune Mathematical PhyAics 


EINSTEIN, HILBERT, AND THE THEORY OF GRAVITATION 47 


energy conservation law, Equation (46). But it is physically equivalent to Lorentz’ 
law (88b), and merely means that an equation for the gravitational field is introduced. 
Nevertheless, Klein preferred Hilbert’s complicated energy law, Equation (46); it is 
complicated because the vector e* has such a tricky structure. 


However, it [Hilbert’s energy conservation law] has the advantage that it not only makes a simple 
{invariant-theoretic] assertion, but also the quantity e* appearing in it can be readily characterized 
invariantly. it (Hilbert’s energy conservation law] contains the auxiliary vector p*, and besides it is 
independent of the Tuy, Rur and their differential coefficients.22® 


Felix Klein’s work is closely connected with the studies of Emmy Noether concern- 
ing the relations between symmetry properties and conservation laws.229 Conservation 
laws can be stated in two forms, i.e. the differential and integral forms. Klein turned 
to the latter in his second note on ‘the integral form of the conservation laws and the 
theory of the spatially closed universe’.23° Concerning the physics underlying his con- 
siderations, Klein referred to the papers of Einstein192 and de Sitter.23! Expressing 
his motivation, Klein noted: 

First of all, I wish to express my viewpoint about the integral form of the conservation laws, which 
Einstein had preferred to formulate in differential form. In this connection, I shall treat Einstein’s 
theory of the spatially closed but unbounded universe and its modification by de Sitter. My goal is to 
state the mathematical connections as clearly as posssible, while touching upon the physical question 
only briefly. I feel a certain satisfaction in this, since [it will be seen that my] old ideas of 1871-72 


attain decisive validity. [Here Klein was referring to his Erlangen Programme.] The reader may decide 
for himself the extent to which progress has been made.?5? 


In some general remarks, Klein stated the physical concepts of vectors etc., which 
have meaning only if one refers to a certain group: 


There are as many different kinds of theories of relativity as there are {mathematical] groups. This 
Statement is perhaps in contradiction to the much publicized current discussion about Einstein's 
general theories, but it is not significantly different from Einstein’s own detailed arguments, to which 
I attach great importance. Einstein’s papers, upon which I shall comment here, indeed demonstrate 
that at times, although not systematically, he {Einstein} resorts to the same conceptual freedom which 
I have proposed in my Erlangen programme.?33 


Klein then proceeded to discuss the generalizations of Einstein’s closed spherical 
universe, namely elliptical universes, and their related symmetry groups. These 
universes are based on the use of cosmological constants A, which change the original 
Einsteinian energy tensor of the gravitation field to 


ro a A c 
f, =f+-d, 
Y 
or 
US = US +16%. (89) 


But otherwise the considerations leading to Equations (88) remain unchanged. It 
further turned out that the closed Einstein universes would lead to an integral vector 
whose first three (spatial) components are zero. This is easily understood since a 
static universe of fixed radius had been chosen. The fourth component was interpreted 
as the total energy of the universe. Now the amazing result of an explicit calculation 
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was that the two differential conservation laws, Equations (88b) and (88c), do not 
yield the same total ‘gravitational’ energy for a finite universe. 

Klein’s results indicated that one had to be very careful in applying the law of 
energy conservation in general relativity. One might again stress the view which was 
expressed by Hilbert, that energy conservation is not necessarily a characteristic of 
general relativity. By energy conservation, Hilbert obviously meant well defined terms 
based upon physical considerations. This brings us to a discussion of the point whether 
one should prefer Hilbert’s formulation based on constraints, or Einstein’s concept 
of energy conservation, in general relativity. 


7.2 IDENTITIES FROM GENERAL COVARIANCE 


Felix Klein’s considerations, which we have discussed in the foregoing, were rather 
general, resulting in the conclusion that both Hilbert’s constraint conditions for the 
energy tensor of matter and Einstein’s conservation of energy momentum followed 
from general covariance. An earlier note of Klein, which was both complete and 
general, already contained a specific discussion of the main points.234. Discussing the 
variation of Hilbert’s two Hamiltonian integrals 


1,= [ Rag, and 1,= [ Lea, (90) 


where 
dQ = J/g dx'...dx°, (dQ=d‘x), 


Klein derived fourteen field equations, namely the ten equations (37) for the gravi- 
tational field, and the four equations for the ‘matter field’. The latter equations follow- 
ed from the former in the case of general covariance.?45 Klein then discussed Hilbert’s 
energy-conservation law, Equation (46), and concluded that it would follow from the 
fourteen field equations as a mathematical identity. Hence, it ‘can obviously not be 
considered analogous to the law of conservation of energy, as it exists in ordinary 
mechanics. For, if in ordinary mechanics we write that 


d(T+U)_ 


0, 91 
PP (91) 


then [our understanding is that] this relation is not a mathematical identity, but rather 
a consequence of the differential equations of mechanics.’236 Klein also admitted 
that Einstein’s conservation law could hardly be considered as a law in the usual 
sense.23? 

Hilbert very much agreed with Klein’s conclusions, and in a letter to Klein, which 
Klein submitted with his own note to the Géttingen Academy, Hilbert expressed this 
agreement.238 He asserted, moreover, that ‘in general relativity, i.e. in the case of the 
general invariance of Hamilton’s function, equations for the energy (which correspond 
to the energy equations in orthogonally invariant theories) do not exist at all. In 
fact, I regard this situation as typical for general relativity.’ 22% After discussing energy 
conservation in orthogonal invariant theories, Hilbert shared the view that in a 
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generally invariant theory one could not derive the conservation law in the same fash- 
ion. ‘In general relativity, instead of the missing energy equations there are just the 
four overdetermined Lagrange equations, as expressed by the four identities. Con- 
versely, the energy equations of the orthogonally invariant theories appear as the 
residue of those four identities of the theory of gravitation.’24° 

In his reply, Klein went further in the discussion of the identities.24! Starting from 
the point of view that the two terms, R and L, in the Hamiltonian function of Hilbert, 
should be separated, and discussing the general covariance of both terms, Klein 
found two sets of four constraints. In addition to these eight equations, he found 
the fourteen Lagrangian equations which exist for the fields, say the gravitational 
and the electric potentials. Klein showed that from the four constraints governing the 
L term there still follow the conservation laws, but they do not preserve their separate 
(physical) meaning any more, since they can be reduced to the four (Hilbert) conditions 
of constraint for matter. 


7.3 BIANCHI IDENTITIES AND HILBERT’S CONSTRAINT CONDITIONS 


On the basis of the foregoing discussion, it may be justified to describe Klein’s studies 
of the conservation laws and invariants in general relativity as the completion of the 
latter theory. They also stressed the importance of the conditions which Hilbert had 
placed on the energy tensor of matter. Since these conditions are obtained only with 
the help of the field equations of gravitation (37) [i-e. when the latter are satisfied], we 
might as well consider them as conditions for the curvature tensor R°,,, OF, more 
precisely, for the contracted tensor R,, which enters the equations of gravitation. 
Now Hilbert’s statement means simply this: once general covariance is satisfied, there 
exist only four differential identities satisfied by R,,. What are these identities? It is 
remarkable that great mathematicians and geometers like Hilbert and Klein did not 
see the connection between the four identities of Hilbert and the well-known identities 
of Bianchi.242 The latter read 


R* va; t + R* yar; v + Re ey. y ad 0, (94) 


where ‘;’ denotes covariant differentiation with respect to the coordinates. The Bianchi 
identities are valid not only for Riemannian, but also for more general affine geometries. 
Contracting the indices o=v, one obtains 


Rei eR Ro: (95) 


wast Bt; 


If we multiply Equations (95) with g** and contract again, we arrive at 
2(Ri — 49",R).,, = 0. (96) 


These four equations may be interpreted either as the four identities of Hilbert or 
Einstein’s energy conservation laws, if one connects them with the equations of 
gravitation (37). Thus Hilbert had actually discovered, with his identities, a part of the 
Bianchi identities which can be derived from purely geometrical considerations. It 
should also be worthwhile to relate some of the remaining 148 identities, which Klein 
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found in his work of 1918, to the other consequences of the Bianchi identities. The 
overlap certainly is very large if not complete.24% 

We might actually venture the guess that we owe Hilbert’s memoirs on the founda- 
tions of physics to the fact that he did not recognize his four identities as a consequence 
of the Bianchi identities. If he had been aware of the connection, he might have quite 
possibly slipped over their content without trying to extract the essential physical 
meaning. But it was the physical consequences which led Hilbert to his valuable con- 
tributions to the theory of general relativity. In a certain sense, we could apply to 
Hilbert himself the words which he used about Einstein: that the reason why he made 
progress in the theory of relativity was that he did not know everything about the 
mathematics of space and time before he set out to make discoveries in it. 


8. EXTENSION OF GENERAL RELATIVITY 


Einstein’s theory of general relativity incorporated gravitation entirely. Concerning 
matter itself, it was less complete, as Einstein’s controversy with Hilbert showed. 
With respect to electromagnetism, in particular, Einstein had left everything as it was, 
but the unsatisfactory status of his assertions was felt more and more by other scientists. 
The first, who stepped forward, already in 1918, was Hermann Weyl. Weyl proposed 
nothing less than a new geometry and a unified theory of gravitation and electricity. 
Another attempt was started by Kaluza in 1921, and revived later on by Oskar Klein 
in 1926. Finally Einstein, soon after completing the first phase of his discussions with 
Bohr about the new quantum theory, moved into the direction ofa unified field theory of 
matter, and spent the rest of his life trying to cope with it — entertaining various 
interesting, if not entirely successful, attempts. The underlying mathematics, which 
generalized differential geometry, was developed by Levi-Civita in 1917. 


8.1 GENERALIZATION OF RIEMANNIAN GEOMETRY 


Riemannian geometry rests essentially on the consequences derived from the line 
element ds?, in which the metric tensor appears. From the metrical tensor is construct- 
ed the Riemann—Christoffel tensor, and from the latter the invariants which play such 
an important role in general relativity. But one could even go further in geometry, 
endowing the three-index Christoffel symbol F with full meaning. This was done by 
Levi-Civita, and extended by Weyl who, at the starting point of his study, stated that: 


Inspired by the weighty inferences of Einstein’s theory to examine the mathematical foundations 
anew, the present writer made the discovery that Riemann’s geometry goes only half way towards 
attaining the ideal of a pure infinitesimal geometry. It still remains to eradicate the last element of 
geometry ‘at-a-distance’, a remnant of its Euclidean past. Riemann assumes that it is possible to com- 
pare the lengths of two line elements at different points of space, too; if is not permissible to use com- 
parisons at a distance in an ‘infinitely near’ geometry. One principle alone is allowable; by this a 
division of length is transferable from one point to that infinitely adjacent to it.244 


The initiative of developing the mathematical extensions was provided by Einstein’s 
theory of gravitation itself. Levi-Civita responded first.245 Then Hessenberg followed, 
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who considered space as formed by a great number of small elements cemented 
together by parallel transports.246 

The idea behind these attempts was to make the notion of covariant differentiation 
equivalent to a parallel transport of vectors in curved space. This can be done with 
the help of the geodesic components I>, as, for instance, in the case of a vector a” 


or 5, 
Rn 


a 
at = + Fea’, 


Ox (97) 
ob” 
bys» = ax = Vhwe- 


The Christoffel symbol then expresses the infinitesimal transport of the line element 
in an ‘affinely connected manifold’. This theory was completed in Weyl’s dissertation 
on a ‘pure infinitesimal geometry’.24? 

In a pure infinitesimal geometry of the n-dimensional continuum each set of coor- 
dinates x’... x" refers to a different point. The connection between the different points 
is expressed by continuous functions possessing at least continuous first derivatives and 
a non-zero Jacobian. One can now define an infinitesimal displacement for a given 
point in space. Since the notion of vectors, tensors, etc., is a priori meaningful only at 
a point in a consistent differential geometry, one has to look for its meaning in the 
entire space. This can be done if one assumes that the space forms an ‘affinely related’ 
manifold, or the fact that for any point P there exists a neighbourhood such that every 
vector at P can be transformed by a parallel displacement into a vector at P’ (where P’ 
is in that neighbourhood). The coefficient in front of this displacement is the Chris- 
toffel symbol IF’. A ‘metrical manifold’ is finally obtained only if the line element at 
any point P can be compared with respect to the lengths. 


8.2 WEYL’S UNIFIED THEORY 


What has been achieved by this generalization of geometry? Obviously, it is now 
possible only to compare lengths measured at one and the same point. Moreover, it 
is no longer the g,, that make sense now or can be determined by measurements, but 
rather their ratios or the relations between them. If we denote the length of a short 
rod by /, then at different points the measuring rod is changed infinitesimally as 

d/ d@ 


= aie 98 
dt dt oe 


where the parameter ¢ appears in a curve connecting the infinitesimally close points 
P and P’. For the affinely related manifolds Weyl obtained, 


dp = ¢, dx. (99) 


Riemannian geometry is obtained if ¢, =0. The Christoffel symbols in the generalized 
theory read 


P,, eo = Co + + (Guehe + FucPe = Joo?) * (100) 


Pune Mathematical PhyAics 


52 JAGDISH MEHRA 


Here the absolute values of the g,, seem to be fixed, which need not always be the 
case. The invariance of all geometrical relations must exist under the gauge transfor- 
mation 

1 OA 


Guw=AGay and d= — res (101) 


Weyl could now proceed to interpret the metric vector ¢,, which determines the 
lengths in accordance with Equation (99), as being identical with the electromagnetic 
four-potential, apart from a numerical factor.248 In the presence of the electro- 
magnetic fields F,,, this geometry will therefore deviate from Riemann’s. 

This idea of Weyl’s was very original and attractive, because it made electrodynam- 
ics as much a consequence of geometry as Einstein had made gravitation. But some 
difficulties arose immediately, and Einstein pointed out that in Weyl’s theory spectral 
lines with definite frequencies could not exist.249 To this, Weyl replied that since the 
g,y and @, were not measurable, it made the connection between ideal mathematical 
quantities and the physical quantities rather loose but suggestive. One should, how- 
ever, note that the existence of the quantum of action might very well be at the basis 
of this failure of Weyl’s theory, just as its consequences for Einstein’s theory of 
gravitation have not yet been ascertained. In any case, Einstein greatly admired Weyl 
for his mathematics, though not for his physics, as he repeatedly expressed in letters.25° 
A little later on, Eddington considered even more general geometries than Weyl’s. 
Even Einstein considered these geometries for a while, but left the field very soon.25! 
After quantum mechanics was created, Weyl noted that his own theory had really 
no physical basis. 


8.3 FiveE-DIMENSIONAL RELATIVITY 


Whereas Weyl had introduced the variation of the measure ds? and linked it to the 
existence of electromagnetic potentials, Kaluza remained in the realm of metrical 
geometries and sought to include the electromagnetic field by extending the dimensions 
of the universe.252 In the five-dimensional geometry the field theories of gravitation 
and electrodynamics could be unified in a very simple way. The line element could 
now be written as 


do =J/T. dx! dx*, (102) 


where x°,..., x* are the space coordinates, and I", are the 15 covariant components 
of a five-dimensional symmetric tensor related to the usual four-dimensional ones 
and the electromagnetic potentials, according to the fact that x!,..., x* are the con- 
ventional space coordinates and the metric should not depend on x°. Hence we put 


Yoo =a, 
and 


00 


r 
dA =dx° + ne dx’; ds? = ( — wie dx! dx‘ (104) 
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become the infinitesimal invariants, the sum of which gives the invariant do”. One 
finds that the four 9; transform like the covariant components of a four-vector, and 
the Ansatz that 

Io, = aB¢d,, (i= 1, 2, 3, 4) (105) 


where @, is the electrodynamic potential, can therefore be used. 
Einstein’s equations of gravitation as well as the equations of electrodynamics (in 
covariant form) can be derived from the variational principle 


6 =5 { ax® dx! dx? dx? dx* ./—r P=0 (106) 


where P is the curvature corresponding to the metric tensor [’,, and 
jap? = y. (107) 


One might have sought to generalize the covariant or invariant expression for P 
in order to obtain more general equations, but Oscar Klein, who extended Kaluza’s 
work, was not primarily interested in this problem; he rather hoped to incorporate 
quantum effects in the five-dimensional theory.253 Since the motions in the fifth dimen- 
sion are not perceptible in ordinary experiments, one could just as well average over 
the entire motion; the quantum of action could thus follow from a periodicity in 
the fifth dimension, and the conjugate momentum p could be fixed to have the two 
values +e and —e. Then the free Hamiltonian of a charged particle, say an electron 
in an electromagnetic field, would read 


| or 
= 5 Pte (108) 
m 


and the usual Hamiltonian formalism would apply. 

Klein attempted in various ways to relate the quantities of the five-dimenstonal 
theory to the wave function in quantum theory. One such attempt was to write the 
electrodynamical potential ® of an electron as 


@ =—x° + $(x', x?, x*, x), (109) 


and to obtain the periodicity of ® from a periodicity in the fifth coordinate; this was 
possible because one could relate —% to the transformed coordinate x°.254 Another 
possibility which Klein proposed was to try ‘to relate the fifteenth quantity 9g with 
the wave function U, which characterizes matter, in order to achieve a formal unity 
between matter and field.’255 

Several years later, Veblen and Hoffmann would mathematically replace the Kaluza— 
Klein five-dimensional theory by a four-dimensional projective geometry.?56 


9. ‘EIN BLEIBENDER KERN’ - AN ENDURING CORE 


The creation of the theory of relativity in the first two decades of this century drastical- 
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ly changed the inherited physical concepts of space and time. The vision of a unified 
theory of matter first appeared in the work of Mie, Hilbert, Weyl and Kaluza. But, 
at the same time, another revision of classical theory had begun which also affected 
the understanding of the notions of space and time; it led in the middle twenties to a 
consistent theory of the microscopic processes. Oskar Klein’s early attempts to unite 
the two lines of development failed, and we are not much closer now to a unified 
theory of matter. In the late nineteen-twenties already, certainly since Dirac’s theory 
of the electron, it became clear that electromagnetism was not the only force which 
had to be united with gravitation. In quick succession new forces and fields were dis- 
covered, and the existence of a massive particle with no charge at all destroyed the 
hopes of ever achieving an electromagnetic theory of matter. 

It seems that Einstein’s remarks concerning Hilbert’s theory had been prophetic. 
He had said: 


To me Hilbert’s Ansatz about matter appears to be childish, just like an infant who is unaware of the 
pitfalls of the real world .... In any case, one cannot accept the mixture [i.e. Hilbert’s] of well-founded 
considerations arising from the postulate of general relativity and unfounded, risky hypotheses about 
the structure of the electron (or matter in general]. I am the first to admit that the discovery of the 
proper hypothesis, or the Hamilton function, of the structure of the electron is one of the most 
important tasks of the current theory. The ‘axiomatic method’, however, can be of little use [in this}.257 


But strangely enough, Hilbert did not seem to be very impressed by Einstein’s 
negative judgement. In 1924, he published an almost unaltered united version of 
his two memoirs on the foundations of physics, including the notes he had written to 
Felix Klein.258 He again stressed the fact that Mie had first demonstrated the manner 
in which one could describe matter by a unified field theory. Now, in 1924, he wrote: 


As [ have pointed out in my first memoir, the tremendous problems and the structure of ideas of 
general relativity, developed by Einstein, find their simplest and most natural expression as well as, in 
a formal sense, a systematic generalization and completion, in the method proposed by Mie. Since 
the publication of my first memoir, significant publications have appeared on this subject. Let me 
mention only the brilliant and profound investigations of Weyl! and the always new formulations and 
thoughtful contributions of Einstein. However, on the one hand, Weyl in the development of his 
ideas is finally led to the equations proposed by me; and on the other, even Einstein, in spite of his 
repeated efforts to start from various different premises, in his latest publications finally returns direct- 
ly to the equations proposed in my theory. 

I am quite sure that the theory as developed here by me contains an enduring core, and provides 
a framework within which there is sufficient margin for the future development of physics, pursuing 
the ideal of a unified field theory. In any case, it is also of epistemological interest to note in which 
way the few and simple assumptions as expressed in axioms [, If, IIf and IV, formulated by me, are 
sufficient for the construction of the complete theory. 

Whether in fact the ideal of a pure unified field theory is a definitive one, or if certain extensions and 
modifications of it will be necessary, in order to obtain in particular the theoretical justification for 
the existence of the electron and the proton, and the consistent formulation of the laws valid in the 
interior of an atom - to answer this is the task of the future.25° 


Ironically, it was exactly this hope — the realization of the tdeal of a unified field 
theory — the hopes of Mie, Hilbert, and Weyl, which he had brushed aside with a con- 
fidence bordering on contempt, that Einstein, in outspoken contrast to the develop- 
ments in quantum theory, entertained later on. Such hope was already latent in a note 
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on ‘Do gravitational fields play an essential role in the structure of elementary 
particles?’, which he communicated to the Prussian Academy on 10 April 1919.260 
He acknowledged that the theories of Mie, Hilbert and Weyl were deep and beautiful 
mathematically, even though they led to unsatisfactory physical results. He thought 
that he knew the first steps which might lead to a solution of the problem.?6! Starting 
from the observation that if gravitational fields were essential for the structure of 
matter, the field equations (37) could not be accepted in the limit of constant g,,, he 
said that, ‘Material particles could not exist, if g,, were constant. If, therefore, one 
considers the possibility that gravitation, among other forces, plays a part in the 
structure of corpuscles, then Equation [(37)} could not be regarded as valid.’262 

Only if one would stick to Equation (37) would one have to use Mie’s theory.?6 
However, the inclusion of the cosmological constant 4 would already change the 
equations of gravitation (37). As a new Ansatz, instead of these equations, he proposed 
the new equations 


Ry “— AG aR oes YT pws (T,» = 1GuvFagk? = F uF 39”), (1 10) 


with the electromagnetic energy tensor T,,. Equation (37) multiplied by g*’, would 
then hold, because g*”7,,,=0. In addition, Einstein assumed the four equations 


ab,, a0, 


0®,, = 
—— =0, 111 
ox? * Ox" a5 Ox? GH) 


getting 12 independent equations for 16 variables g,, and ®,,. He then rewrote Equa- 
tions (110) as 


1 
(Ruy — 39,rxR) = — E 7 Guv(R — Re). (112) 


Since R 1s related to 4, the cosmological constant appeared only as a constant of inte- 
gration in the new theory. He concluded by saying that: 


The above-mentioned considerations indicate the possibility of a theoretical explanation on the basis 
of the gravitational and electromagnetic fields alone, without the introduction of additional hypo- 
thetical terms as in Mie’s theory. This possibility appears to be particularly promising, since it makes 
it unnecessary to introduce the special constant 4, which would otherwise be needed to solve the 
cosmological problem. On the other hand, there remains a peculiar difficulty. Namely, if we consider 
Equation [(110))} in the spherically symmetric, static case, then we obtain one equation too few for 
the determination of gus and Fy», so that every spherically symmetric distribution of electricity can 
exist in equilibrium. Thus the problem of the structure of elementary quanta cannot be solved only 
on the basis of the equations given above.2® 


Again and again, Einstein returned to the question whether one could obtain the 
quantum of action from an over determination of the field variables.265 This was also 
the motivation behind his later moves to abolish the quanta by means of the unified 
field theory, on which he had started to work seriously beginning in 1928, after his 
efforts to disprove the consistency of quantum mechanics had failed. On 5 January 
1929, he wrote to his friend Michele Besso: 
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But the most wonderful thing is that, what I have brooded on and calculated all these days and nights, 
is now completed and in front of me, condensed to a mere seven pages under the title ‘unified field 
theory’. This might appear old-fashioned, and my dear colleagues as well as you, my friend, will right 
away stick their tongues out as far as possible. Because, Pianck’s constant 4 does not appear in these 
equations. However, as soon as the limitations of the ({current] statistical craze [i.e. quantum me- 
chanics] are clearly seen, one will retreat repentantly to a space-time approach and then these equations 
{of mine] will become the starting point [of the new theory]. I have discovered a geometry which is 
characterized, not only by a Riemannian metric, but also by distant-parallelism. The latter was thus 
far generally felt to be a characteristic of Euclidean [geometry], and the simplest field equations of 
such a manifold lead to the well-known laws of electricity and gravitation. Even the equations Riz = 0, 
in spite of their success, now belong to the junk pile. I shall not forget to send you the reprints. If 
{on reading] you don’t stick out your tongue, then you must be a hypocrite, because I know you.?®6 


Michele Besso did not, we can be sure, ‘stick his tongue out’ at what Einstein wrote 
to him. He was Einstein’s old friend and admirer, and his sounding-board for scientific 
ideas ever since the early days of special relativity in Berne, Switzerland. Einstein con- 
tinued to develop various aspects and formulations of his unified field theory to the 
end of his life, without ever really coming close to his great goal. In these efforts he 
was Often alone, and the scientific problems on which he worked were no longer 
central to the interests of a more pragmatic age. He continued to publish his reflec- 
tions in respected scientific journals, and at times they were reported in newspapers. 
No one ever stuck his tongue out at what Einstein had to say in scientific matters, 
although his hopes and attempts to create a unified theory of physics caused a few 
raised eyebrows and aroused some melancholy about the lost and better-to-be-forgot- 
ten visions of heroic times. 

Dirac has called Einstein’s theory of gravitation ‘probably the greatest scientific dis- 
covery that was ever made’.267 Discussing the difficulty of understanding the origin 
and meaning of this discovery, Chandrasekhar has remarked that, ‘It appears that 
only by a mixture of physical reasonableness, mathematical simplicity, and aesthetic 
sensibility can one arrive at Einstein’s field equations. The general theory of relativity 
is in fact an example of ‘“‘the power of speculative thought’’.’268 Hilbert had played a 
decisive role in determining the form of the equations of the general relativity theory 
of gravitation and the strict conditions to which they are subject. In the Einstein— 
Hilbert equations of 1915, there shall forever remain an enduring essence, ‘a perma- 
nent core’, which gave such satisfaction to Hilbert and brought fulfilment to Einstein. 

The unification of gravitation and electricity into a single field theory of all physical 
phenomena, however, did not succeed. As Pauli said of these attempts, ‘No man shall 
join what God hath put asunder.’26® 


REFERENCES AND NOTES 
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Jahrbuch der Radioaktivitat und Elektronik 4, 411-461 (1907); 5 (1908). Actually, Einstein 
never considered the principle of relativity as confined to inertial frames alone, certainly not 
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since he had derived the dependence of the inertial mass of a system on its motion or its energy 
in his paper ‘Ist die Tragheit eines KOrpers von seinem Energieinhalt abhangig?’, in Ann. Phys. 
( Leipzig ) 18, 639-641 (1905). In May 1906, he submitted another paper on this subject, ‘Das 
Prinzip von der Erhaltung der Schwerpunktsbewegung und die Tragheit der Energie’, Ann. 
Phys. ( Leipzig ) 20, 627-633 (1906), in which he proved the theorem that ‘either one must give 
up [Newton’s] first law of mechanics, according to which a body originally at rest, and not 
subject to externa) forces, cannot have a translational motion, or assume that the inertia of a 
body, according to the laws proposed [by us], depends on its energy content.’ (/.c., p. 633). 

Einstein analyzed his equivalence postulate of energy and inertial mass in a paper entitled 
‘Uber die von Relativitatsprinzip geforderte Tragheit der Energie’, Ann. Phys. ( Leipzig ) 23, 
371-384 (1907). To whichever (simple) system he applied it, the results were consistent with the 
principles of mechanics such as energy conservation, etc. 

This was the state of affairs when he wrote, at the request of J. Stark, the article in the Jahr- 
buch. In this article, Einstein dealt with the optical prerequisites, the principle of the constancy 
of the velocity of light and its kinematic consequences. In part II of the article, he dealt with the 
transformations in electrodynamics. The mechanics of the electron and the possible tests of the 
experimental consequences, in particular Kaufmann’s results (Ann. Phys. 19 (1906)) were dis- 
cussed in part III. In the following section (IV), devoted to the mechanics and thermodynamics 
of systems, he stated the important result, that ‘the law of the conservation of mass for an indi- 
vidual system, according to our result, is valid only if its energy remains constant; it is then 
equivalent to the law of conservation of energy. However, the changes to which the mass of a 
physical system is subject, in ordinary physical phenomena, remains undetectably small. For in- 
stance, the decrease in the mass of asystem, which loses 1000 calories (c.g.s.) of its energy, amounts 
to 4.6 x 10-4 gm. In the radioactive decay of a substance tremendous amounts of energy are set 
free; even so the change of mass involved in such a process is not large enough to be observed.’ 
(Jahrbuch der Radioaktivitat und Elektronik 4 (1907), p. 442). As Planck had noted, in the case 
of radium the loss in weight was beyond the reach of experimental accuracy which could be 
obtained in 1906. Finally, in section V, Einstein discussed the relation of the relativity prin- 
ciple to gravitation. 

A. Einstein, Jahrbuch der Radioaktivitdét und Elektronik 4 (1907), pp. 443-444. 

A. Einstein, Jahrbuch 4 (1907), Ref. (2), p. 454. 

A. Einstein, Jahrbuch 4 (1907), Ref. (2), p. 454. 

A. Einstein, Jahrbuch 4 (1907), Ref. (2), pp. 458-459. 

A. Einstein, Jahrbuch 4 (1907), Ref. (2), p. 459. 

A. Einstein, Jahrbuch 4 (1907), Ref. (2), p. 461. 

Another development had started with the electromagnetic considerations of Henri Poincaré 
as early as 1905. In his remarkable paper ‘Sur Ja dynamique de lélectron’ which was received 
by the editor of Rendiconti del Circolo Mathematico di Palermo on 23 July 1905, and was pub- 
lished in Vol. 21, pp. {29-176 (1906), Poincaré not only studied, almost at the same time as 
Einstein [whose article ‘Zur Elektrodynamik bewegter KOrper’ arrived at the Amnalen der 
Physik in Leipzig on 30 June 1905} the consequences of the Lorentz contraction, but he also 
referred to the problem of gravitation. Poincaré had first used the phrase ‘principle of relativity’ 
in his lecture on ‘The present and future of mathematical physics’ at the International Congress 
of Arts and Sciences in St Louis in 1904 (see H. Poincaré, Oeuvres, Vol. 9, p. 248, Gauthier- 
Villars, Paris, 1954); and it occurred again on p. 129 of the communication under discussion. In 
the introduction to this paper, he wrote, ‘If we accept the postulate of relativity, we shall find that 
among the laws of gravitation and the laws of electromagnetics there exists a common number. 
it is the velocity of light. We shall find that it occurs in all forces, of whatever origin, and it can 
only be explained in two ways: (1) Either there exists nothing in the universe that is not of 
electromagnetic origin; (2) or. this quantity, which is common to all physical phenomena, ap- 
pears only because it relates to our methods of measurements.’ (H. Poincaré, Rendiconti, 1906, 
pp. (31-132). 

Poincaré considered Lorentz contraction, and tried to derive the Lorentz covariant action 
principles. Let us also mention here that it was Poincaré who first gave the name Lorentz group. 
In Section 9 of his paper (pp. 166-175), he finally dealt with the ‘hypotheses about gravitation’. 
He stated: ‘Lorentz was thus obliged to complete his hypothesis by supposing that forces of all 
possible origins, in particular gravitation, are subject to a translation (or, if one prefers, subject 
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to the Lorentz transformation) in the same way as electromagnetic forces.’ (1.c., p. 166) Poin- 
caré then studied the consequences of a Lorentz invariant theory of gravitation, finding a cor- 
rection to Newton’s law of gravitation, which is of the order of v?/c®. 

The next paper in this connection, R. Hargreaves’ ‘Integral forms and their connection with 
physical equations’ ( Trans. Camb. Phil. Soc. 21, 107-122 (1908)), did not refer to gravitation 
specifically, but to the ‘four-dimensional formulation’ of the laws of physics; ‘We are con- 
cerned here with the variation of integral forms, or more specially with their invariance, under the 
action of an operator which is an extension of the hydrodynamical operator in Euler’s equation. 
In the integral forms temporal terms are admitted, i.e. terms containing d? as well as the 
differentials of coordinates, and it appears that the forms have special properties when the 
temporal terms are associated with the non-temporal in a definite way. These associated terms 
are significant quantities which include vector and scalar products as particular cases.’ (Ref. 
113, i.c., p. 107] The importance of this paper partly lay in the fact that Hargreaves’ result was 
connected with the studies of H. Bateman. On 11 March 1909, Bateman read a paper on ‘The 
Transformation of the Electrodynamical Equations’ before the London Mathematical Society 
(Proc. Lond. Math. Soc. (2) 8, 223-264 (1910)). He said: ‘The object of the present paper is to 
find all the transformations for which the electrodynamical equation are invariant. In the case 
of the simpler equations of the theory of electrons, it is proved that the transformations belong 
to a certain group which is isomorphic with the group of conformal transformations of a space 
of four dimensions. It is assumed, however, that the transformation is such that the total charge 
onasystem of particles is unaltered.” (/.c., p. 224). What Bateman required was that the equation 


ds? =0 


should be invariant, rather than just the line element. From the study of the propagation of 
luminous disturbances, described by the above equations, he concluded that a more general 
Ansatz for ds* had to be chosen, than Minkowski’s assumption that the coefficients gx» depend 
on the space-time components, since light does not travel with uniform velocity in media with 
varying dispersion. Although Bateman’s motivation was entirely different from Einstein’s, and 
moreover he dealt with the electromagnetic problem alone, he was led to a conclusion similar 
to Einstein’s. Einstein obviously did not know about Bateman’s work of 1912. (Also see Bate- 
man’s later paper ‘The Electromagnetic Vectors’, Phys. Rev. 12, 459-481 (1918).) 

There exist two papers dealing with the electrodynamics of moving bodies, which appeared 
almost simultaneously with Minkowski'’s work, Ref. (110), which Einstein wrote with his first 
student J. Laub: ‘Ober die elektromagnetischen Grundgleichungen fiir bewegte KOrper’, Ann. 
Phys. ( Leipzig ) 26, 532-540 (1908), with errata in Ann. Phys. ( Leipzig ) 27, 232 (1908) and 
28, 445-447 (1909) ; ‘Ober die im elektromagnetischen Felde auf ruhende Kérper ausgeiibten 
ponderomotischen Krdafte’, Ann. Phys. ( Leipzig ) 26, 541-550 (1908). Einstein wrote another 
note on this topic, ‘Bemerkung zu der Arbeit von D. Mirimanoff ‘‘Ober die Grundgieichung- 
en...’’’, Ann. Phys. ( Leipzig ) 28, 885-888 (1909). 

A. Einstein, ‘Die Relativitatstheorie’, Vierteljahresschr. Naturforsch. Ges. Ziirich, $6, 1-14 (1911). 
A. Einstein, ‘Ober den Einfluss der Schwerkraft auf die Ausbreitung des Lichtes’, Ann. Phys. 35, 
898-908 (1911). He said, ‘In a paper published already three years ago, I tried to answer the 
question whether the propagation of light is affected by gravity. [See Ref. 2] Here I shall return 
to this question again for two reasons: first, because 1 am no longer satisfied with my [earlier] 
treatment; second, and more important, because in retrospect I realize that one of the most 
significant consequences of this question can be tested experimentally. One finds that indeed, 
according to the theory which J shall present, light rays which pass close to the sun should be 
bent by its gravitational field giving rise to an apparent increase, of almost one second of arc, 
in the angular distance of a fixed star which appears to be in the vicinity of the sun.’ 

A. Einstein, Ref. (12), p. 906. 

A. Einstein, Ref. (12), p. 908. 

Max Abraham was a very gifted physicist, noted for his work in the field of electrodynamics, in 
particular electron theory. He had been a brilliant student of Max Planck, under whom he took 
his doctorate. In 1902 he published his first memoir on ‘Dynamik des Elektrons’, Nachr. Ges. 
Wiss. G6tt. pp. 20-41 (1902), in which he developed the so-called ‘rigid’ electron model, by 
which he hoped to account for the stability of the electron. Abraham obtained a velocity 
dependence for the mass of the electron, different from the result of Lorentz and Einstein, but 
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consistent with the early experiments of Kaufmann. Another feature of Abraham’s theory was 
that he stuck to an absolute coordinate system. (See e.g. Phys. Z. 5, 576~579 (1904).) Only in 
the latter would the electromagnetic waves propagate with the velocity c in all directions. 
M. Abraham, ‘Zur Theorie der Gravitation’, Phys. Z. 13, 1-4, 176 (1912) ; ‘Das Elementarge- 
setz der Gravitation’, Phys. Z. 13, 4-5, (1912); ‘Dei freie Fall’, Phys. Z. 13, 310-311 (1912); 
‘Die Erhaltung der Energie und der Materie im Schwerkraft Felde’, Phys. Z. 13, 311-314 
(1912); ‘Das Gravitationsfeld’, Phys. Z. 13, 793-797 (1912). 

In the first paper of this series, he remarked, ‘In a paper published recently, A. Einstein 
[Ref. 12} put forth the hypothesis that the velocity of light (c) depends on the gravitational 
potential (¢). In this note, I shall develop a theory of gravity, which satisfies the principle of 
relativity. Furthermore, I shall derive a relationship between c and ¢, which in its first approxi- 
mation, is equivalent to Einstein’s. This [my] theory ascribes to the densities of energy and 
energy current values in the gravitational field that are different from those accepted at present.’ 
( Phys. Z. 13, 1.) 

They actually do so on bilinear expressions in the gradients. (See M. Abraham, Phys. Z. 13, 3.) 
M. Abraham, Ref. (16), p. 3. 

M. Abraham, Ref. (16), p. 4. 

M. Abraham, Phys. Z. 13, 793-794. ‘I have just now resorted to the language of relativity. 
Still, we shall see that [the theory of relativity] is not in accord with the views concerning 
gravity as presented here, if only because the axiom of the constancy of light velocity is re- 
nounced here. In my previous papers on gravitation, I have attempted to preserve, at least in 
infinitesimal [domains], the invariance with respect to the Lorentz transformations. However, 
1 am now convinced that my equations of motion for a material point can by no means be 
brought into accord with the principles of analytical mechanics. On the other hand, Einstein's 
equivalence hypothesis has been shown to be equally untenable. In order to develop the new 
theory of gravitation, I shall, therefore, prefer not to deal with the space-time problem here at 
all.” 

M. Abraham, Phys. Z. 13, p. 796. 

M. Abraham, Phys. Z. 13, p. 797. 

Abraham derived from it an upper limit for the mass of a star which, however, turned out to be 
rather large (772 < 10° mo). ( Phys. Z. 13, 311.) 

Abraham concluded his last paper (Phys. Z. 13, 797 (1912)) with the remark: ‘The theory of 
gravitation developed here is completely independent of the unresolved problems of the dyna- 
mics of the electron. Apart from the basic assumption that the gravitational field is completely 
determined by [specifying] the velocity of light [everywhere], our theory is based upon (i) the 
validity of the expressions for the gravitational tensor [(1a)—(1d) Ref. 16], (ii) the principles of 
mechanics, i.e. conservation of energy and momentum and the Lagrange equations, and finally, 
(ii) the hypothesis of the proportionality of gravity and energy.’ 

A. Einstein, Ann. Phys. (Leipzig) 38, 355-369 (1912). 

A. Einstein, Ref. (25), p. 355. 

A. Emstein, Ref. (25), p. 360. 

A. Einstein, ‘Zur Theorie des statischen Gravitationfeldes’, Ann, Phys. (Leipzig) 38, 443-458 
(1912), in particular p. 457. 

A. Einstein, Ref. 25, p. 362. 

A. Einstein, Ref. 25, pp. 368-369. 

Abraham was very critical and argumentative, but he did strive for clarity. In their obituary of 
Max Abraham, Born and Von Laue wrote: ‘Clarity was the essence of his nature, both in mat- 
ters of mind and heart. Clarity was evident in all his writings and we believe that it meant more 
to him than the discovery of new phenomena. Whenever he found it wanting, he would always 
make a sharp, even exaggerated criticism.’ [Phys. Z. 24, 49-53 (1953).] This habit of sharp 
criticism got Abraham into many difficulties, and this former brilliant disciple of Max Planck 
did not gain a stable position for a long time. After eight years as Privatdozent in Gottingen 
(1900-1908), he went to the University of Illinois in 1908 as a professor of physics, and left after 
six months. In 1909 he accepted a professorship at the University of Milan, but during the war 
he was inducted into service and worked on telegraphy for the Telefunken Company. Finally, 
when he was appointed to the chair of theoretical mechanics at Aachen, Abraham became 
severely ill and, after several months of great suffering, died on 16 September 1922. 
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32. M. Abraham, Ann. Phys. ( Leipzig } 38, 1056-1058 (1912). 

33. A. Einstein, Ann. Phys. ( Leipzig ) 38, 1059-1064 (1912). Abraham wrote: ‘Einstein’s theory 
of relativity has exercised a fascinating influence, especially on the younger mathematical 
physicists, which threatens to retard a healthy development of theoretical physics. It was 
evident tc the most sober critics that this theory could never lead to a complete worldview, if it 
cannot even integrate within its system the most important and omnipresent (natural) force of 
gravity. The failure of the efforts directed toward this has led to a crisis of relativity theory. Al- 
ready a year ago, by assuming the dependence of the velocity of light on the gravitational 
potential, Einstein abandoned the essential postulate of his earlier theory, namely the con- 
stancy of the velocity of light. [See our Ref. 12]. Now, in a paper published recently {our Refs. 
25, 28], he has also renounced the requirement of the invariance of the equations of motion 
under Lorentz transformations, thereby dealing the theory of relativity a coup de grdce. 
Anyone who, like this author, had warned against [listening to] the singing of the sirens of this 
theory, would greet with satisfaction [the fact] that the originator of this theory is himself con- 
vinced of its untenability.’ [Ref. 32, p. 1056.] 

34. Abraham continued: ‘Indeed, any relativistic space-time formulation which is expressed 
through the relationships between the space-time parameters of [two coordinate systems} 2 
and Z’ would be untenable. I shall certainly not consider such a space-time formulation. As I 
have pointed out elsewhere, it seems to me that an absolutist [rather than a relativistic] theory 
is needed. If one system is raised above all others, in which the gravitational field is static or 
quasi-static, then it is permissible to call a motion with respect to this system as being ‘‘abso- 
Jute’’. In the old action-at-a-distance mechanics, it was possible to assume that the very remote 
masses of the fixed stars, or an imaginary [Neumann] ‘‘body a’’, would determine an inertial 
frame of reference. Such an idea is foreign to the new mechanics based on the concept of local 
interaction. However, it would be consistent with the new mechanics if the omnipresent field of 
gravity itself provides the absolute frame of reference for the motion of bodies. (If one so 
chooses, one may consider this as an argument for the ‘‘existence of the ether’’.) 

*Einstein’s starting point, in his recent investigation, is a heuristic hypothesis which he calls 
the equivalence principle, and which requires a space-time correspondence of two frames of 
reference in acceleration with respect to each other. But even in this new form, it does not seem 
to be possible to carry through a consistent relativistic space-time description. Thus even this 
latest theory of Einstein’s rests on shaky foundations.’ [Ref. 32, pp. 1057-1058. ] 

35. M. Abraham, ‘Nochmals Relativitat und Gravitation, Bemerkungen zu A. Einsteins Er- 
widerung’, Ann. Phys. ( Leipzig) 39, 444-448 (1912). He repeated his conviction that the 
theory of relativity belonged to the past: ‘The components of yesterday’s [sic] relativity theory, 
which depend on the rigorous and genera) validity of its entire concept, are Einstein’s kinema- 
tics and the space-time definition tied with it. It was just this relativistic concept of space and 
time which had endowed the relativity theory of the past [sic] with a certain philosophical 
lustre which is now fading. To be sure, in his reply [to ail this}, Mr. Einstein conjures up in the 
distance the fata morgana of a new all-embracing space-time definition of gravitation. He is 
already claiming credit [today] for a [non-existent] theory of relativity of the future, and is in- 
viting the assistance of the experts for its discovery. Until this payment is received {i.e. this 
discovery is made], this claim [of Einstein's] will remain, in the account of relativity, on the 
debit side of the ledger.’ 

In a letter to L. Hopf, written in the autumn of 1913, Einstein remarked: ‘It is proceeding 
splendidly with gravitation [his work with Grossman]. Unless | am entirely mistaken [and he 
was!], 1 have obtained the general equations. As you may have read recently in the Phystka- 
lischen Zeitschrift, Abraham has slaughtered me and relativity theory altogether in two fierce 
assaults, and has at the same time presented the only correct theory of gravitation (a ‘nostrifica- 
tion’ of my results) — a magnificent steed, which only lacks three legs. He also maintains that 
it was Robert Mayer who first recognized the mass of the energy.’ (C. Seelig, Albert Einstein, 
Europa Verlag, Ziirich (1954), p. 171.) 

36. R.v. Edtvés, Math. u. Natw. Ber. Ungarn, 8, 65 (1890); improved later on by R. Edtvis, 
D. Pekar, and E. Fekete, Trans. XVI. Allgem. Konf. der int. Erdvermessung (1909), and 
D. Pekar, Naturwiss. 7, 327 (1919). 

37. See his reply, in A. Einstein, Ann. Phys. (Leipzig) 39, 704 (1912). 

38. G. Nordstrém, ‘Reiativitatsprinzip und Gravitation’, Phys. Z. 13, 1126-1129 (1912); *Trage 
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und schwere Masse in der Relativitatsmechanik’, Ann. Phys. ( Leipzig ) 40, 857-878 (1912); 
‘Zur Theorie der Gravitation vom Standpunkt der Relativitatsprinzips’, Ann. Phys. { Leipzig ) 
42, 533-554 (1913); ‘Die Fallgesetze und Planetenbewegungen in der Relativitatstheorie’, 
Ann. Phys. ( Leipzig ) 43, 1101-1110 (1914). 
G. Nordstrém, Phys. Z. 13, 1126. ‘Einstein’s hypothesis of the dependence of the velocity of 
light c on the gravitational potential leads, as can be seen from the discussions between Ein- 
stein and Abraham, to considerable difficulties in connection with the principle of relativity. 
Thus one wonders whether it might be possible to repalce Einstein's hypothesis by another, 
which would feave c constant and yet modify the theory of gravitation in such a way that, 
in accordance with the principle of relativity, gravitational and inertial masses would be 
identical.” 

In an addendum to the first paper, Nordstr6m noted: ‘From a letter from Professor Einstein 
1 have learned that he had already previously considered the possibility [proposed by me, as 
quoted above] of treating gravitational phenomena in a simple way. However, he came to the 
conclusion that the consequences of such a theory would not correspond to reality. With the 
help of a simple example, he has shown that according to this theory a rotating system in a 
gravitational field will be accelerated less than a non-rotating one. In fact, this conclusion is 
really not questionable, because the difference [between the accelerations] is too insignificant 
to contradict experience. Still, this conclusion shows that my theory is not consistent with 
Einstein’s equivalence hypothesis. According to the latter, an unaccelerated inertial system in 
a homogeneous gravitational field is equivalent to an accelerated inertial system in gravity-free 
space. However, in my view. this circumstance alone is not sufficient to abandon [my] theory. 
Although Einstein’s hypothesis is most ingenious, it does lead to great difficulties. It is there- 
fore desirable to pursue other approaches as well to [the problem of] gravitation, and | would 
like to contribute to these in my note.’ (Ref. (39), p. 1129.) 
In his third paper, Nordstrém placed certain conditions on the variability of the gravitational 
factor g. He said, ‘Every indefiniteness in the theory, noted above, can be removed by a very 
plausible assumption, for which 1 am indebted to Laue and Einstein. Laue has shown that 
Einstein’s equivalence principle (although, not in its fully generality) can be maintained by 
suitably defining the rest mass density of matter.... In addition, we shall see that Einstein’s 
equivalence principle requires a quite definite dependence of the gravitational factor g on the 
gravitational potential ¢....” [G. Nordstr6m, Amn. Phys. 42, 533-534.] 
Nordstrém had gone to Zurich to meet Einstein (and Laue), and he submitted his third paper 
(Ann. Phys. 42, 533 (1913)) from there on 24 July 1913. At that time, therefore, he was in close 
contact with Einstein. 
A. Einstein, Phys. Z. 14, 1249-1266 (1913), in particular p. 1250. 
The postulate (ii), which states the equivalence of masses, is also satisfied if the gravitational 
potential does not change significantly in the system considered. 
A. Einstein and A. D. Fokker, ‘Die Nordstrémische Gravitationstheorie von Standpunkte des 
absoluten Differentialkalkuls’, Ann. Phys. ( Leipzig ) 44, 321-328 (1914). In this paper, they 
stated: ‘The gravitational field is determined by the ten quantities ggr. In the Einstein-Gross- 
mann theory, ten formally similar equations are specified for these ten quantities. Nordstrém’s 
theory, on the other hand, is based on the assumption that it is possible to satisfy the principle 
of the constancy of the velocity of light by suitably choosing the frame of reference. We shall 
see [in this note] that this [Nordstrém’s assumption] is equivalent to reducing the ten quantities 
Gur tO a single quantity ¢2 by an appropriate choice of the frame of reference.” (p. 324.) 
A. Einstein, Phys. Z. 14, 1254 (1913). 
Nordstr6m’s theory has been revived during the past few years by the work of Brans and Dicke 
in an attempt to give a certain scalar admixture to Einstein’s tensor theory, which seems to be 
consistent with recent experiments on the bending of light from the sun. C. A. Brans and 
R.H. Dicke, Phys. Rev. 124, 925 (1961). 
More important, for the current situation, is the discussion following Einstein’s lecture in 
Vienna, in which Mie pointed out the connection between Abraham’s theory and that of Nord- 
strom ( Phys. Z. 14, (1913) 1262). ‘I would like to supplement Einstein’s interesting comments 
with some remarks on the historical development of the theory, since Einstein has referred to 
them only in passing. Nordstrém’s theory is tied together with the investigations of Abraham. 
I consider it essential that it should be mentioned here that Abraham was the first who formu- 
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lated rather reasonable equations of gravitation. While previously one always tried (there are 
indeed many older theories of gravitation) to represent the gravitational field analogous to the 
electromagnetic field, Abraham discovered a new possibility. It is impossible to bring the 
older attempts into accord with the relativity principle; for if the principle of the equivalence 
of inertial and gravitational masses is sufficiently accurately satisfied, then the gravitational 
field cannot be represented by a six-vector. It is for this reason that Abraham first of all 
formulated a theory with a scalar gravitational potential. However, he made the mistake that he 
set g [which is the density go in Equation (9)] identical with the density of inertial mass.... 
Naturally, the relativity principle cannot be satisfied in this way. 

*‘Nordstrém then improved this theory by substituting for ¢@ a quantity which is invariant 
with respect to the Lorentz transformation. At about the same time [as Nordstrém], | also 
formulated a theory of gravitation. However, my theory is embedded in an extensive work on 
the theory of matter, and that’s why my investigations have escaped [the notice of] Mr Einstein.’ 

At the last remark, Einstein protested, ‘No, no.’ and replied, ‘I have not spoken about 
Mr Mie’s theory because the equivalence of the inertial and gravitational masses has not been 
worked through rigorously in it. It would, of course, have been illogical if, having proceeded 
on the basis of certain postulates, I had not held on to them. I agree that I have not studied 
Mie’s theory as carefully as I should have, but it was the farthest from my thoughts to dis- 
parage it if I have not referred to it in this context.’ (Phys. Z. 14, 1263.) 

Einstein then dealt with the connection between the ideas of Abraham and Nordstrém. ‘As 
far as Nordstrém’s theory is concerned, 1 cannot really say that it was Abraham who first 
proposed the way which has been suggested by Nordstrém. For Abraham’s theory is based 
upon the fact that the velocity of light is variable and that, to a certain extent, it represents a 
measure of the gravitational potential. Nevertheless, he employs the form of the usual theory 
of relativity, which leads him to a contradictory, hybrid position. It is indeed so objectionable, 
that to me his theory seems to be quite untenable.’ 

Mie admitted these deficiencies [of Abraham’s theory], but insisted that Nordstrém had 
started from Abraham’s equations. Upon which Einstein remarked that, *Yes, psychologically 
it is indeed so, but not logically, for Nordstrém’s theory is fundamentally different from Abra- 
ham’s.” (/.c., p. 1263). 

A. Einstein, Ref. (44), p. 328. 

A. Einstein, Ann. Phys. ( Leipzig) 49, 769 (1916). Einstein's statements about the value of this 
collaboration differ at different places. Sommerfeld, for instance, had suggested to Einstein not 
to emphasize Grossmann’s role too much, because ‘he will claim half of this share {of credit] in 
the creation of general relativity’. To which Einstein replied, ‘Grossmann will never raise a 
claim to be considered as the co-discover {of general relativity]. He only helped me in getting 
oriented with the mathematical literature, but he did not contribute [sic] anything material to 
the {ideas and] results.’ (Letter from Einstein to Sommerfeld, dated 17 July 1915, quoted from 
Einstein-Sommerfeld Briefwechsel, (ed. by A. Hermann), Schwabe and Co., Basel and Stuttgart 
(1968), p. 30) [See our Ref. 1]. 

In 1933, Einstein remarked about this collaboration with Grossmann: ‘I worked on these 
problems from 1912 to 1914 with my friend Grossmann. We found that the mathematical 
methods for solving the first question [translation of the laws into general relativity] was al- 
ready waiting for us in the absolute differential calculus of Ricci and Levi-Civita. As to the second 
problem {law of gravitation}, we soon recognized that the methods for doing this had long ago 
been worked out by Riemann (curvature tensor). Already two years before the final publica- 
tion of the general theory of relativity, we had considered the correct field equations of gravita- 
tion, but we failed to recognize that they were physically applicable.’ (A. Einstein, ‘The Origins 
of General Theory of Relativity’, G. A. Gibson Foundation Lecture, University of Glasgow, 
20 June 1933, Glasgow (1933), pp. 10-11.) 

A. Einstein and M. Grossmann, ‘Entwurf einer verallgemeinerten Relativitatstheorie’, Z. Math. 
u. Phys. 62, 225-261 (1913), (‘Il. Physikalischer Tiel’: A. Einstein; ‘If. Mathematischer Tiel’: 
M. Grossmann); A. Einstein, ‘Physikalische Grundlagen einer Gravitationstheorie’, M. Gross- 
mann, ‘Mathematische Begriffsbildungen zur Gravitationstheorie’, Vierteljahresschr. Natur - 
forsch. Ges. Ziirich $8, 284-290, 291-297 (1913); A. Einstein and M. Grossmann, ‘Ko- 
varianzeigenschaften der Feldgleichungen der auf die verallgemeinerte Relativitatstheorie 
gegriindeten Gravitationstheorie’, Z. Math. u. Phys. 63, 215-225 (1914). See also our Ref. 47. 
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52. A. Einstein, ‘Die formale Grundlage der allgemeinen Relativitatstheorie’, Sitz. Ber. Kel. 


53. 


54. 


55. 
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Preuss. Akad. Wiss., Math.-Phys. Kl. (1914), 1030-1085, submitted on 29 October 1914, and 
read on 19 November 1914. 
In the introduction Einstein wrote: ‘During the past few years, I have perfected a generalization 
of the theory of relativity, in cooperation with my friend Grossmann in {certain] parts. A colour- 
ful mixture of physical and mathematical requirements has been employed as a heuristic device 
in these investigations. For this reason, it is not easy to have an overview of and to characterize 
this theory from a formal mathematical point of view. In this {new} work, I have attempted to 
fill this gap. In particular, we succeeded in obtaining the equations of the gravitational field in 
a strictly covariant-theoretic way. In order to assist the reader in obtaining a complete under- 
standing of the theory without recourse to the study of other purely mathematical treatises, I 
have tried to give simple derivations of the basic principles of the absolute differential calculus 
— parts of which, I believe, are new. (Ref. (52), p. 1030.) 
Einstein’s lectures at the Naturforschende Gesellschaft, Zurich, were given on the occasion of 
the annual meeting of the Schweizerische naturforschende Gesellschaft, at Frauenfeld on 
9 September 1913. The lecture at the Congress of Natural Scientists in Vienna was given in 
November 1913. The final version of the ‘Entwurf’ paper was written after his lectures at both 
of these conferences. 
See the Frauenfeld lecture, 1913, the second paper in Ref. 51, p. 286. 
In his lecture at Frauenfeld [the second paper in Ref. 51, p. 292], Grossmann explained this 
point of departure. ‘The fundamental mathematical concept of Einstein’s theory of gravitation, 
which is to characterize a gravitational field by means of a quadratic differential form with 
variable coefficients, necessitates a generalization of the definitions and methods of vector analy- 
sis. Of fundamental significance for this purpose is Christoffel’s famous treatise, Uber die Trans- 
formation der homogenen Differentialausdriicke zweiten Grades {J. fur Math. 70 (1869)], as well as 
the Ricci and Levi-Civita’s Méthodes de Calcul différentiel absolu et leurs applications |Math. 
Ann. 54 (1901)}, which developed it further. In the latter treatise, the authors developed methods 
which allowed one to write the differential equations of mathematical physics in an invariant 
{i.e. independent of coordinate systems} form. The new developments in vector analysis shed 
even more light on the advantages of [employing] such a general invariant-theoretic treatment. 
Such a treatment at once provides a complete system of vector-analytical definitions which have 
been introduced [gradually] by Minkowski, Sommerfeld, Laue, and others, for the description 
of the four-dimensional world of the relativity theory.’ 
M. Grossmann, first paper in Ref. 51, Mathematischer Teil, p. 257. 
A. Einstein, first paper in Ref. 51, p. 260. 
A. Einstein, S. B. Preuss. Akad. Wiss. (1914), see pp. 1054-1057. 
A. Einstein, Phys. Z. 14, 1258 (1913). 
Phys. Z.14, 1262-1266 (1913); see also Phys. Z. 15, 108-110(1914) and Pays. Z. 15, 115, 169-176, 
176-180 (1914). After Einstein’s lecture, Mie remarked: ‘It seems to be that in his work, 
Finstein has postulated the most intriguing principle of a general relativity. However, this 
principle has not been rigorously complied with in the theory which he has presented...’ (Pays. 
Z. 14, 1264). A little later, he went on to say that, ‘The generalization of the relativity principle, 
in the form in which it has been expressed in Einstein’s paper, applies only to linear trans- 
formations, and thus has absolutely nothing to do with accelerated motions.’ (Phys. Z. 15, 176 
(1914).) 
As Einstein remarked correctly, there is no justification for this assumption. (See e.g., Z. Math. 
u. Phys. 62, 233 (1913).) 
A. Einstein, the first paper in Ref. (51), Z. Math. u. Phys. 62 (1913), pp. 233-234. 
First paper in Ref. (51). 
A. Einstein and M. Grossmann, Z. Math. u. Phys. 63, 221, (1914). 
A. Einstein and M. Grossmann, Z. Math. u. Phys. 63 (1914), see p. 225. 
We refer to various remarks in this paper concerning the meaning of the tensors appearing in 
the derivation and the formulation of the equations. [Ref. 52, ‘Die formale Grundlage der allge- 
meinen Relativitatstheorie’, Sitz. Ber. Kgl. Preuss. Akad., Math. Phys. KI. (1914), 1030-1085.] 
In an article entitled ‘Die Neue Mechanik’, M. Abraham discussed the Einstein-Grossmann 
theory. [Rivista di Scienze 15, 8-27 (1914)]: ‘With the help of the method of the ‘‘absolute 
differential calculus’’ developed by Ricci and Levi-Civita, the authors of the “‘Entwurf”’ have also 
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succeeded in writing the electromagnetic and dynamical equations in a form which, at least in the 
infinitesimal case [i.e. differential form] satisfies the relativity requirement [of the general trans- 
formation]. However, it is the gravitational field, the integration of which into relativity theory 
seems to be the goal of the ‘“‘Entwurf”’, does not yield to the proposed scheme. The differential 
equations of the gravitational field, proposed by the authors, are not invariant with respect to 
the general space-time transformations, i.e. a system of mutually gravitating masses in non- 
uniform or rotational motion is, in general, not equivalent to a system at rest. 

‘It is true that the dynamics becomes relativistic if one includes the forces of rotation along 
with gravitation. However, the gravitational field of a rotating system is then no longer identical 
with that of the non-rotating system. It is really of no avail to seek to develop a theory of 
gravitation which would satisfy the requirement of general relativity; even if such a mathematical 
theory exists, it would be physically meaningless. Every theory of relativity, be it the special 
theory of 1905 or the general theory of 1913, founders at the rock of gravity. The relativistic 
ideas are obviously not broad enough to provide a framework for a comprehensive worldview." 
(M. Abraham, l.c., p. 25.) 

In writing to his friend Besso, Einstein showed some respect for Abraham's remarks. ‘The 
community of physicists has shown little interest in {my] work on gravitation. Abraham 
probably understands it best. In the ‘‘Scienza’’, he has been screaming loudly against all 
relativity, but with a good grasp. 1 shall visit Lorentz in Spring, and expect to discuss all this 
with him. He takes great interest in these matters, as does Langevin. Laue does not quite seem 
to accept {my} principal ideas, nor does Planck, only perhaps Sommerfeld.’ [A. Einstein to M. 
Besso, from Zurich, towards the end of 1913.] 

Abraham wrote a sober review of the new gravitational theories in Jahrbuch der Radioak tivi- 
tdét 11, 470 (1914), showing a deep understanding of the physical principles and mathematical 
structure. 

(Since the completion of this paper in early September 1972, the correspondence between 

Einstein and Besso has been published: Albert Einstein, Michele Besso, Correspondance, 1903- 
1955 (edited by Pierre Speziali), Hermann, Paris (1972). All the quotations from the letters 
of Einstein and Besso may be identified in this book from the dates which [ have given in my 
references. The English translations of the quotations, used in this paper, are mine.]} 
With considerable confidence, Einstein wrote in this paper: (Ref. (52)]: ‘The laws governing 
these differential forms have been obtained by Christoffel, Ricci and Levi-Civita. I would like 
to present here an especially simple derivation of these, which [also] appears to me to be new. 
The invitation to the Prussian Academy was initiated by the leading Berlin physicists Max 
Planck, Walther Nernst, Heinrich Rubens, and Emil Warburg. In particular, they stressed his 
research on relativity in a petition to the Prussian Minister of Education: *His name is primarily 
known through his famous treatise on ‘*The Electrodynamics of Moving Bodies”’ (1905), on the 
Principle of Relativity, according to which the contradiction between the previously accepted 
Lorentz’ theory of the light ether at rest and the subsequently (experimentally ) established in- 
dependence of the electrodynamic-optical phenomena in terrestrial bodies from the movement 
of the earth, is radically explained by the fact that an observer moving with the earth uses a 
time coordinate different from that of a stationary observer in a heliocentric system. 

‘The revolutionary consequences of this new interpretation of the concept of time have 
repercussions on the whole of physics, and above all on mechanics and epistemology. They [the 
consequences] later found, through the work of the mathematician Minkowski, a formulation 
which gives the whole system of physics a new unification inasmuch as the time dimension 
enters the stage on completely equal terms with the three space dimensions. Although this idea 
of Einstein’s has proved itself so fundamental for the development of physical principles, the 
application of it still lies for the moment at the frontier of the measurable....’ (See C. Seelig, 
Albert Einstein (Ref. 35], pp. 173-174.) 

C. Seelig, Ref. (35), p. 178. 

There are various accounts of the times which Einstein spent in Berlin. It is often asserted that 
Einstein was lonely in Berlin and did not receive the proper aticntion to which he was entitled. 
(See e.g., P. Frank, Einstein: His Life and Times, New York (1965), pp. 114-115) The creation 
of general relativity was surely something to which very few contributed, and in which the most 
important theoretician in Berlin, Max Planck, did not actively participate. Planck was much 
more concerned with the quantum problem, taking a point of view to which Einstein himself 
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would subscribe later on. Nevertheless, Einstein and his work received increasing attention in 
Berlin, and he was able to write to his old friend Michele Besso [after he had received and re- 
fused invitations to chairs of theoretical physics at Ziirich University and E.T.H.]}: ‘1 must say 
that it has been very hard for me to come to a decision about it. It goes without saying that the 
general conditions there [in Switzerland] have greater appeal for me. But if you could only see 
how beautiful are the relationships which have developed between my colleagues ( particularly 
Planck) and myself, and how welcome all of them have made me feel, and continue to do so, 
and if you could just imagine how my work has progressed mainly on account of the under- 
standing which I have found for it Aere, then you will realize that I could not really turn my back 
on this place.” [Letter, dated Berlin, 8 September, 1918. See Correspondance, Ref. 67.} 
Letter to Besso, dated Zurich, March 1914. See Correspondance, Ref. (73).]. 
Albert Einstein, Michele Besso, Correspondance, 1903-1955 (edited by Pierre Speziali), Hermann, 
Paris (1972). 
A. Einstein, Sitz. Ber. Preuss. Akad. Wiss. pp. 778-786 (1915). 
Einstein remarked explicitly : ‘Mathematics teaches us that all of these covariants can be derived 
from the Riemann-Christoffel tensor of the fourth rank .... In the problem of gravitation, we 
are particularly interested in the tensors of the second rank, which can be constructed from 
these tensors of the fourth rank and the gy» by inner multiplication.’ (Ref. (74), p. 781. Compare 
with our earlier quotations from Grossmann’s paper.) 
Einstein said that on the basis of his considerations ‘the field equations of gravitation may be 
written in the form 

Ruy = —yT ur, 


since we already know that these equations are covariant with respect to arbitrary transforma- 
tions of the determinant 1.’ (Ref. (74), p. 783.) 

After his lecture at Vienna in 1913, Einstein had a discussion with Reissner, who asked for the 
meaning of this ‘energy’: ‘Einstein has talked about the bending of electromagnetic radiation 
in a gravitational field. I wonder if Einstein would tell us something about the elementary ques- 
tion concerning the effect of gravity on its own mass, i.e. the mass of the energy of the gravita- 
tional field. How can one better understand, or show mathematically, that the static energy of 
a pure gravitational field, although it possesses inertia and weight, does not possess the other 
attributes of ponderable matter. i.e. its kinetic behaviour {such as free fall or collapse]?’ (Phys. 
Z. 14, 1265). It was a perceptive question, in response to which, Einstein made some comments, 
but Reissner (either then or afterwards) did not have the feeling that an answer had been given 
(/.c., p. 1265). Actually Einstetn had completely misunderstood Reissner’s question. He returned 
to deal with it in considerable detail and quite satisfactorily in Phys. Z. 15, 108-110 (1914). 
A. Einstein, Sitz. Ber. Preuss. Akad. Wiss. p. 785 (1915). 

A. Einstein, ‘Zur allgemeinen Relativitatstheorie (Nachtrag)’, Sitz. Ber. Preuss. Akad. Wiss. 
pp. 799-801 (1915). 

A. Einstein, Ref. (79), pp. 799-800. 

A. Einstein, ‘Die Feldgleichungen der Gravitation’, Sitz. Ber. Preuss. Akad. Wiss. pp. 844-847 
(1915). 

Einstein had explained this result, obtained empirically in his second note, submitted on 18 
November 1915, entitled ‘Erklarung der Perihelbewegung des Merkur aus der allgemeinen 
Relativitatstheorie’, Sitz. Ber. Preuss. Akad. Wiss. pp. 831-839 (1915). 

Ref. (81). p. 847. 

He wrote to Besso again on 21 December 1915: ‘Read the papers [i.e. Einstein’s}! The final 
release from misery has been obtained. What pleases me most is the agreement with the peri- 
helion motion of Mercury ....Even Planck now begins to take the thing seriously, although he 
still resists it a bit. But he is a splendid human being.’ [See Correspondance, Ref. 73.] 
Writing again to Besso on 3 January !916, he said: ‘The great success with [the theory of] 
gravitation pleases me extraordinarily. | have seriously in mind to write a book in the near 
future on the special and general theory of relativity ....” [See Correspondance, Ref. 73.) 

See R. Courant and D. Hilbert, Methods of Mathematical Physics, Interscience, New Y ork (1953). 
D. Hilbert, Die Grundlagen der Geometrie (Leipzig, 1899; 9th edition, Stuttgart, 1962). “This 
means that it is still being read, and obviously by more people than read Hilbert's other works. 
it has gradually been modernized, but few readers realize that foundations of geometry as a 
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field has developed more rapidly than [Die] Grundlagen der Geometrie as a sequence of re- 
editions, and that Hilbert’s book is now a historical document rather than a basis of modern 
research or teaching.” — Hans Freudenthal in his biographical sketch of David Hilbert in the 
Dictionary of Scientific Biography, Charles Scribner’s Sons, New York (1972). 

Hermann Wey! wrote: **Hilbert is the champion of axiomatics. The axiomatic attitude seemed 
to him one of universal significance, not only for mathematics but for all sciences. His investiga- 
tions in the field of physics are conceived in the axiomatic spirit. In his lectures he liked to illus- 
trate the method by examples taken from biology, economics, and so on. The modern episte- 
mological interpretation of science has been profoundly influenced by him. Sometimes when 
he praised the axiomatic method he seemed to imply that it was destined to obliterate com- 
pletely the constructive or genetic method.’’ [See H. Weyl, Gesammelte Abhandlungen, Vol. 4, 
Springer Verlag, New York 1968, pp. 162-163.] 

In his famous address, Mathematische Probleme, which Hilbert delivered before the interna- 

tional Congress of Mathematicians at Paris in 1900, he stressed the importance of great con- 
crete fruitful problems. He posed and discussed twenty-three unsolved problems. His sixth 
problem dealt with the axiomatization of physics. [See D. Hilbert, Mathematische Probleme, 
Gétt. Nachr. 1900; see also D. Hilbert, Axiomatisches Denken, Math. Ann. 36, 405-415 (1918). 
For a discussion of Hilbert’s twenty-three problems and their influence on the development of 
mathematics, see L. Bieberbach, Die Naturwissenschaften 18, 1101-1111 (1930). 
In his obituary of Minkowski, Hilbert wrote: ‘During the period he was at Bonn [1892-1894], 
Minkowski would spend his vacations regularly in KGnigsberg, where his family lived, and 
where he met Hurwitz and me almost daily. Mostly we went for walks in the surroundings of 
KGnigsberg. Once, on Christmas 1890, Minkowski remained in Bonn. When I tried to persuade 
him to come to KGnigsberg, he described himself in a funny letter to me as one who was 
physically fully contaminated, and in need of a ten-day quarantine, before Hurwitz and I would 
allow him to go on our walks in the mathematically pure Kénigsberg.” [See D. Hilbert, Ge- 
sammelte Abhandlungen, Vol. 3, Berlin (1935), p. 355.] Hilbert continued, ‘For more than six 
years [from fall 1902 to January 1909, when Minkowski died] we, his closest mathematical 
colleagues, took our ‘‘mathematical’’ walk every Thursday punctually at 3 o’clock on Hainberg, 
including the last Thursday before his death, when he especially spiritedly told us about the 
latest progress on his electrodynamic researches ....’ [D. Hilbert, I.c. p. 364.] 

Hilbert’s collaboration with Minkowski was noted by Blumenthal: ‘It was with Minkowski 
that Hilbert first started intensive reading (something which he avoided ) of classical theoretical 
physics.’ ( Lebensgeschichte, in D. Hilbert, Gesammelte Abhandlungen, Vol. 3, p. 417.) 

See Vortrage tiber die Kinetische Theorie der Materie und der Elektrizitét, B. G. Teubner, 
Berlin (1914); Hilbert wrote the foreword to these lectures. 

O. Blumenthal, Lebensgeschichte, l.c., p. 417 [see Ref. 88]. 

L. Féppl, ‘Stabile Anordnungen von Elektronen im Atom’ (1 March 1912), J. reine angew. 
Math. 141, 251-302 (1912); H. Bolza, ‘Anwendung der Theorie der Integralgleichungen auf 
die Elektronentheorie und die Theorie der verdiinnten Gase’ (2 July 1913); B. Baule, ‘Theo- 
retische Behandlung der Erscheinungen in verdiinnten Gasen’ (18 February 1914), Ann. Phys. 
( Leipzig ) 44 (1914); K. Schellenberg, ‘Anwendung der Integralgleichungen auf die Theorie 
der Elektrolyse’ (24 June 1914), Ann. Phys. 47 (1915); H.Kneser, Untersuchungen zur 
Quantentheorie, (2 March 1921), Math. Ann. 84, 277-302 (1921). (See D. Hilbert, Gesammelte 
Abhandlungen, Vol. 3, p. 433.) 

G. Hamel, who had worked on his thesis, ‘Uber die Geometrien in welchen die Geraden die 
Kiirzesten sind’ (24 June 1901), under Hilbert, continued his attempts to establish, beginning 
in 1909, the axiomatic foundations of mechanics along the lines of Hilbert. See G. Hamel, 
‘Ober die Grundlagen der Mechanik’, Math. Ann. 66, 350-397 (1909); ‘Uber Raum, Zeit und 
Kraft als apriorische Formen der Mechanik, J. B. deutsch. Math. Ver. 18, 357-385 (1909); 
‘Ober ein Prinzip der Befreiung bei Lagrange, J. B. deutsch. Math. Ver. 25, 60-65 (1916); Lehr- 
buch der elementaren Mechanik, Leipzig (1912); ‘Die Axiome der Mechanik’, in H. Geiger and 
K. Scheel Handbuch der Physik, Vol. V, Berlin (1927). See also G. Hamel, ‘Die Lagrange— 
Eulerschen Gleichungen der Mechanik’, Z. Math. u. Phys. $0, 1-57 (1904); and ‘Ober die virtu- 
ellen Verschiebungen in der Mechanik’, Math. Ann. 59, 416-434 (1905); and G. Herglotz, 
‘Ober die Mechanik des deformierbaren K6rpers von Standpunkte der Relativitatstheorie’, 
Ann. Phys. ( Leipzig) 3%, 493-533 (1911). 
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C. Carathéodory, ‘Untersuchungen iiber die Grundlagen der Thermodynamik’, Math. Ann. 
67, 355 (1909). 

P. Hertz, ‘Ober die mechanischen Grundlagen der Thermodynamik’, Ann. Phys. ( Leipzig) 33, 
225-274, 537-552 (1910). Sce also Hertz’ article on statistical mechanics in Weber and Gans 
Repertorium der Physik, Vol. 1/2, Leipzig (1916). Hertz was close to Hilbert in 1912. 

D. Hilbert, ‘Begriindung der Kinetischen Gastheorie’, Math. Ann. 71, 562 (1912). 

D. Hilbert, ‘Zur Begriindung der elementaren Strahlungstheorie’, I, 1], Il: Nachr. Ges. Wiss. 
G6tt. (1912) p. 773 (Pays. Z. 13, 1056 (1912); Nachr. Ges. Wiss. Gott. (1913), p. 409 (Phys. Z. 
14, 592 (1913)); Nachr. Ges. Wiss. Gétt. (1914), p. 275 (Phys. Z. 15, 878 (1914)). 

D. Hilbert, ‘Die Grundlagen der Physik I, Il’, Nachr. Ges. Wiss. Gétt. (1915), p. 395; (1917), 
p. 201. He later on united these two communications into a single article with the same title, 
Math. Ann. 92, 1 (1924). 

W. Heisenberg, Z. Phys. 33, 879-893 (1925); Math. Ann. 95, 683-705 (1925/26). 

P. Jordan, ‘Ober kanonische Transformationen in der Quantenmechanik’, Z. Phys. 37, 383-386 
(1926); 38, 513-517 (1926); ‘Ober cine neue Begriindung der Quantenmechanik’, Z. Phys. 40, 
309-838 (1927). Jordan proved that his formal transformation theory contains not only 
Schrédinger’s wave mechanics, but also the Born—Wiener operator calculus and Dirac’s 
g-number algorithm as special cases. 

D. Hilbert, J. von Neumann, and L. Nordheim, Math. Ann. 98, 1-30 (1928). 

J. von Neumann, Grundlagen der Quantenmechanik, Springer, Berlin (1931) (English trans- 
lation by R. T. Beyer, Princeton (1955)). 

See, e.g., M. Jammer, Concepts of Space, Harvard University Press (1954); Harper Torchbooks, 
New York (1960). 

See F. Klein’s Vorlesungen iiber die Entwicklung der Mathematik im 19. Jahrhundert, Vol. 1, 
Berlin (1926), reprinted by Chelsea Publ. Co., New York (1966), pp. 57-60. Also E. T. Bell, 
The Development of Mathematics, McGraw-Hill, New York (1945), 2nd edition, pp. 329-330. 

Gauss had thought about the possibility of non-Euclidean geometry since his student days, 
and he discussed the axiom of parallels with his friend Wolfgang Bolyai. In various letters he expres- 
sed the opinion that Euclidean geometry should not apply to nature. Two non-mathematicians, F. 
C. Schweikart and his nephew F. A. Taurinus, worked on this problem, and the former published 
a paper on ‘astral geometry’. Gauss was aware of these attempts, and one knows that he had 
himself constructed a non-Euclidean geometry but not published it, because he feared, as he 
wrote to Bessel, ‘the clamour of the Becotians’. Then Wolfgang Bolyai’s son Johann published 
his ‘absolute geometry’ in 1831, on which he had worked since 1820. Although Gauss acknow!l- 
edges this ‘genius of the first rank’ privately, he neither discussed it publicly nor published any- 
thing about it, which made Johann Bolyai very bitter. At the same time, beginning in 1826, 
Nikolai Lobatchevski submitted his memoirs to the Kasan Academy. Beginning with his first 
paper on ‘imaginary’ or ‘pan-geometry’ in 1829, Lobatchevski continued publishing until 1855. 
In this case, Gauss praised the author openly; he had got to know the author and his work 
personally, and he had him elected to the Géttingen Academy in 1842. 

Letter to H. W. M. Olbers, dated Gottingen, 28 April 1817, reprinted in Werke, Vol. 8, p. 177; 
translated in M. Jammer, Ref. 102, p. 145. 

Gauss had something to do with the method of triangulation ever since 1816, although the 
actual work was carried out in 1821-23 and 1828-1844. He reported on the results of the mea- 
surement of the record triangle with vertices on the mountain tops Hohenhagen, Brocken, and 
Inselberg, the distances being 69, 85, and 107 km respectively. [Gauss’ 1827 paper on curved 
surfaces did not report on the results of the measurement of the triangle HBI. The results are 
to be found in his Werke, Vol. 4, p. 449. I am grateful to Prof. B. L. van der Waerden for this 
information. ] 

Printed in German, for the first time in Abhand. Ges. d. Wiss. zu G6ttingen 13, 1867, and then 
in Riemanns Werke (edited by R. Dedekind and H. Weber, Ist edition 1876, 2nd edition 1892): 
translated into English by W. K. Clifford, Nature 8, 14-17, 36, 37, reprinted in W. K. Clifford's 
Mathematical Papers, London (1882), p. 54. Riemann had proposed, as he was required to do, 
three topics from which the faculty could choose any one and notify him about three days 
before the ‘trial’ lecture /{Probevorlesung]. It was Gauss who, being especially interested 
in Riemann’s ideas, selected the topic which Riemann had listed in the third and last place, 
almost as an afterthought. In fact, he was not really prepared to give this lecture, but this 
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disadvantage developed into a remarkably historic exposition of his ideas. For the mathe- 
matical and technical formulation, see his contribution for the Paris prize 1861, reprinted in 
Riemann’s Ges. Math. Werke, Dover, New York, p. 391. Hermann Weyl published an edition 
of Riemann’s Habilitation thesis with a detailed introduction, notes, and commentary. It is a 
most valuable guide to Riemann’s geometrical thinking. See B. Riemann, Uber die Hypothesen, 
welche der Geometrie zu Grunde liegen, neu herausgegeben und erlautert von H. Weyl (Julius 
Springer, Berlin, 1919)]. 

10Sa. See Clifford’s Mathematical Papers, p. 55. [See Ref. 105] About Herbart’s influence, Riemann 
was more explicit in remarks which were published later on in his Werke, pp. 507-508: ‘My 
principal work consists in a new formulation of the known laws of nature, i.e. expressing them 
by means of other fundamental notions, whereby the use of experimental data concerning the 
interaction between heat, light, magnetism and electricity would make it possible to investigate 
their inter-connections. I was led to this by a study of the works of Newton and Euler, on the 
one hand, and Herbart, on the other. As for the latter, I could almost completely agree with 
the results of the earliest investigations of Herbart (which are presented in his doctoral and 
inaugural dissertations of 22 and 23 October 1802). I did, however, differ from the course of 
his later speculations concerning his natural philosophy and principles of psychology which 
refer to it {natural philosophy]. The author is a follower of Herbart in psychology and episte- 
mology. However, he cannot subscribe to Herbart’s natural philosophy and the metaphysical 
disciplines based upon it.” 

We have checked the ‘Habilitationsthesen’ (reprinted in J. F. Herbart’s Sadmtliche Werke, 
Vol. 1, Scientia Verlag, Aalen (1964), pp. 277-278) and quote thesis V (23 October 1802) 
(p. 278): ‘Spatii et temporis cogitationem quod e mente nostra ejicere non possumus, hoc non 
probat, cas cogitationes natura nobis insitas esse. Qui in hac Kantianae rationis parte fatet error, 
totum Aollit systema.’ Another part of Herbart’s writings which seems to bear on Riemann’s 
interests, mentions the word ‘quantum of the surface’, which reappeared in Riemann’s inaugural 
lecture, is contained in Nachschrift zur zweyten Auflage, Pestalozzi’s Idee eines ABC der An- 
schauung, 1802 and 1804, reprinted in Sdmiliche Werke I (see p. 254): ‘Perhaps the content 
of a surface, considered in a pure sense, is a fotally Platonic idea, which would destroy all forms 
including the perceptual. It is this notion which defines the pure quantum of the extent of the 
surface, quite apart from the fact whether this quantum may appear in a round or rectangular 
shape, whichever one pleases.’ Concerning Gauss’ paper, we refer to New General Investigations 
of Curved Surfaces (1825) and General Investigations of Curved Surfaces (1827); it is the latter 
memoir which Riemann had in mind. Both of these papers have been translated into English, 
and appeared as General Investigations of Curved Surfaces, New York (1965). [For Herbart’s 
influence on Riemann’s ideas, see Bertrand Russell, An Essay on the Foundations of Geometry, 
Dover edition, New York (1956), Chapter 1.] 

106. See W. Pauli, Theory of Relativity, Pergamon Press, Oxford (1958), p. 35. 

107. W. K. Clifford’s translation, Ref. 105, p. 69. 

108. W.K. Clifford, On the Space Theory of Matter, read 21 February 1870; abstract printed in 
Camb. Phil. Soc. Proc. 2 (1876), reprinted in W. K. Clifford’s Mathematical Papers, pp. 21-22. 

109. W.K. Clifford, Lc. p. 22. Other indications of Clifford’s ideas may be found in his posthum- 
ously published book The Common Sense of the Exact Sciences, London (1885), in particular, 
p. 225: ‘We may conceive our space to have everywhere a nearly uniform curvature, but that 
slight variations of the curvature may occur from point to point, and themselves vary with the 
time. These variations of the curvature with the time may produce effects which we not un- 
naturally attribute to physical causes independent of the geometry of our space. We may even 
go as far as to assign to this variation of the curvature ‘‘what really happens in that phenomenon 
which we term the motion of matter’’.’ 

110. H. Minkowski, Nachr. Ges. Wiss. Gott., pp. 53-112 (1908). 

111. H. Minkowski, Ref. (110), p. 55. 

312. H. Minkowski, Ref. 110, pp. 65-66. See also his lecture at the 80th Naturforscherversamm- 
lung (Congress of Natural Scientists) in Cologne on ‘Raum und Zeit’ printed in Phys. Z. 10, 
104-111 (1909), where he gave a most illuminating exposition of the concepts of space and time 
and introduced the notions of ‘world vectors’ and ‘world postulate’. 

113. R. Hargreaves, ‘Integral forms and their connection with physical equations’, 7rans. Camb. 
Phil. Soc. 21, 107-122 (1908). In fact, H. Poincaré already used ict as the fourth coordinate x4 
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in his memoir “Sur la dynamique de I’électron’, Palermo Rend, 21 (1906), which was submitted 
on 23 June 1905S. 

114. G. Fechner, ‘Der Raum hat vier Dimensionen’, in Vier Paradora, Leopold Voss, Leipzig 
(1846). Fechner wrote it under the pseudonym ‘Dr Mises’. 

Actually, D’Alembert suggested thinking of time as a fourth dimension in his article ‘Dimen- 
sion’ in the Encyclopédie. Lagrange, in studying the reduction of quadratic forms to standard 
forms, casually introduced forms in n variables. He, too, used time as a fourth dimension in 
his Mécanique analytique (1788) and in his Théorie des fonctions analytique (1797). He says in 
the latter work, ‘Thus we may regard mechanics as a geometry of four dimensions and analytical 
mechanics as an extension of analytical geometry.’ Lagrange’s work put the three spatial 
coordinates and the fourth one representing time on the same footing. Further, George Green 
in his paper of 1828 on potential theory did not hesitate to consider potential problems in n 
dimensions; he says of the theory, ‘It is no longer confined, as it was, to the three dimensions 
of space.’ Cauchy emphasized the concept of n-dimensional space (Compt. Rend. Acad. Sci. 
Paris 24, 885-87 (1847)}, and Grassmann considered the concept of n-dimensional geometry 
in a note published in 1845. [See M. Kline, Mathematical Thought from Ancient to Modern 
Times, Oxford University Press, New York (1972), pp. 1029-1030.) 

115. H. von Helmholtz, ‘Ober die Tatsachen die der Geometrie zugrundeliegen’, Nachr. Ges. Wiss. 
Gétt., pp. 193-221 (1863). 

116. H. von Helmholtz, Ref. (115), p. 193. 

117. H. von Helmholtz, Ref. (115), pp. 194-195. Riemann’s ‘trial’ lecture [Probevorlesung] was 
published in the Abhandl. kgl. Ges. Wiss. Gott. 13 (1867), although it had appeared as a 
pamphlet in 1854. 

118. J.J. Sylvester, Collected Works, Cambridge (1940), p. 198, originally printed as ‘On the general 
theory of associated algebraical forms’, Cambridge and Dublin Math. J. 4 (1851). In a further 
paper ‘On the principles of the calculus of forms’, ibid. 7 (1852), he introduced the expressions 
‘cogradient’ and ‘contragradient’. 

Sylvester himself became interested in this field through Arthur Cayley, a London barrister, 
who had studied in Cambridge, and graduated with the highest distinction in 1841, and 
became professor in Cambridge only in 1863. Cayley, starting from the literature, in particular 
the contributions of Jacobi, ‘created the algebraic geometry’ (F. Klein, Entw. d. Math. I, 148, 
Ref. (103)). In 1858 Cayley introduced the concept of matrices which had been contained 
implicitly in the work of Grassmann. Cayley told Tait in 1894 as to what had led to matrices 
‘I certainly did not get the notion of a matrix in any way through the quaternions; it was either 
directly from that of a determinant, or as a convenient mode of expression of the equations 


x’ =ax+by 
y =cex+dy 


(See E. T. Bell, The Development of Mathematics, McGraw-Hill, New York (1945), 2nd. ed., 
p. 205.) With G. Salmon and J. J. Sylvester, who went to Johns Hopkins University in 1876, and 
started the development of the science of pure mathematics in the United States, Cayley 
formed the very influential British school. He stimulated Hermite in France and cooperated 
with Clebsch and Gordan in Germany. 

119. H.G. Grassmann, Die lineare Ausdehnungslehre, ein neuer Zweig der Mathematik, Berlin (1844); 
Die Ausdehnungslehre, vollstindig und in strenger Form bearbeitet (1862). In 1872, R. F. A. 
Clebsch included the ‘Stufen’ of Grassmann in the theory of invariants in his paper ‘Uber eine 
Fundamentale Aufgabe der Invariantentheorie’, Abh. Gott. Ges. Wiss. 17 (1872). 

The word ‘tensor’ was first used by W. Voigt in 1898, in connection with the elasticity of 
crystals. 

120. F. Klein, ‘Vergleichende Betrachtungen iiber neuere geometrische Forschungen’, Erlangen, 
appeared in December, 1872; reprinted in Math. Ann. 43 (1893) and in Ges. Abh., Vol. I, p. 400; 
See F. Klein, Vorlesungen, Ref. 103, Vol. Hi, p. 28. 

121. See p. 7 of Klein’s Erlangen Programme, or Ref. 103, p. 28. 

122. See Ref. 103, Vol. H, p. 28. In his Erlangen Programme, Klein had stated: ‘We develop the 
theory of invariants with respect to groups.’ Later on he remarked [Ref. 103, Vol. I, p. 28], 
“Instead of this, one says: ‘‘the theory of the relationships which are invariant relative to the 
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group’; then from this to the phrase theory of relativity there is only one step, which the modern 
physicists, in their domain, set as a general goal.’ 

C. G. J. Jacobi, ‘Vorlesungen iiber Dynamik’, held in 1842—43, first edited in 1866 by Clebsch, 
and contained in the Supplement to ‘Werke’, Berlin (1884). Later J. R. Schiitz, Nachr. Ges. 
Wiss. Gott. (1897), p. 110, derived the energy conservation from the symmetry principle. In 
fact, Jacobi was the first person who derived the 10 integrals of the mechanical equations of 
motion, (partly) by using the infinitesimal transformations contained in the Euclidean group. 
Jacobi worked in KGnigsberg from 1826 to 1843 as a great, powerful and influential teacher, 
contributing to nearly all fields of mathematics — elliptic functions, mechanics, differential 
equations and the theory of variations. His method was more inductive and impulsive than 
rigorous, as his famous statement indicates: ‘Gentlemen: We have no time [or patience] for 
Gauss-like rigour.’ [See F. Klein, Entwicklung I, Ref. 103, p. 114]. Jacobi’s fundamental 
contribution to the theory of determinants, we have already mentioned above. His influence 
stretched far beyond Prussia and Germany. Hermite and Liouville acknowledged him as their 
teacher, and the same was true of Cayley in England. 

G. Hamel, ‘Die Lagrange—Eulerschen Gleichungen der Mechanik’, Z. Math. u. Phys. 50, 
1-57 (1904) (inaugurat lecture) ; See also ‘Uber die virtuellen Verschiebungen in der Mechanik’, 
Math. Ann. 59, 416-434 (1904). 

S. Lie and F. Engel, Theorie der Transformationsgruppen, Teubner, Leipzig (1888-93); and 
S. Lie and G. Scheffers, Kontinuierlichen Gruppen, Teubner, Leipzig (1893). It should be men- 
tioned that Sophus Lie, the friend and inspiring colleague of Felix Klein, did not possess the 
latter’s systematic approach, and was only persuaded with effort, by Klem, with the help of 
Engel, to write the laborious masterpiece in three volumes. At a much later time, after Lie’s 
work had been propagated by his book, Bell made the judgement: ‘Engel’s triumph in organizing 
Lie seems to have been a mistake. But it was not fatal. Three hundred leaden volumes could 
not have crushed and buried a talent like Lie’s. His ideas had done their enduring work long 
before all the freshness and ferment were systematized out of them. As for Klein’s part, in this 
comedy of well-intentioned errors, it is only fair to record that he was actuated by the least 
inexcusable of all excuses for meddling with another man’s life: the sincere and unselfish 
desire to make a friend do something distasteful for his own supposed good.’ (E. T. Bell, The 
Development of Mathematics, 2nd edition, New York (1945), p. 442.) 

G. Hamel, Ref. 124, p. 12. 

G. Herglotz, ‘Ober die Mechanik des deformierbaren Kérpers von Standpunkte der Relativi- 
tatstheorie’, Ann. Phys. ( Leipzig) 36, p. 1911. 

The name ‘Poincaré group’ was first used by E. P. Wigner in: ‘On Unitary Representations of 
the Inhomogeneous Lorentz Group’, Annals of Math. 40, 149 (1939). 

‘*His papers on the theory of invariants had the unexpected effect of withering, as it were over- 
night, a discipline which so far had stood in full bloom.”’ [H. Weyl, Gesamunelte Abhandlungen 
Vol. 4, Springer-Verlag, New York 1968, p. 124.] 

The first mention of Emmy Noether in this context occurs in Felix Klein’s ‘Zu Hilberts erster 
Note uber den Grundlagen der Physik’, Nachr. Ges. Wiss. Gétt., Math. Phys. kl., 469 (1917), 
especially on p. 476: ‘When I spoke to Miss Noether recently about my result con- 
cerning your [Hibert’s) energy vector, she informed me that she was able to derive the same 
result already a year ago on the basis of your note (i.e. not from the simplified calculation in me 
memoir Nr. 4). At that time she wrote a manuscript, which she showed me. She had brought it 
to the decisive stage as 1 recently showed before the Mathematical Society.’ Klein’s statements 
occur in a letter to Hilbert [which he submitted to the Géttingen Academy on January 25, 
1918}. In his reply, part of which Klein also mentioned in his note, Hilbert said: ‘Emmy 
Noether, whom I had invited already a year ago to assist me in the clarification of the analytical 
questions concerning my energy principle, found at that time that the energy components, 
which I had stated (as well as those of Einstein) formally by means of the Lagrangian differen- 
tial equations [Equations (4) and (5) of my first communication], could be reformulated, 
without resorting to the Lagrangian equations, as expressions whose divergence vanishes iden- 
tically.” (/.c., p. 477.) 

F. Engel, ‘Ober die zehn allgemeinen Integrale der klassischen Mechanik’, Nachr. Ges. Wiss. 
Gott., pp. 270-275 (1916), communicated by Klein on 11 November 1916. Engel stated in his 
introduction {/.c., p. 270}: ‘At our last meeting you brought to my attention a paper by Herg- 
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lotz [See Ref. 127]. He has treated a mechanical problem which is consistent with the ten- 
component Lorentz group, and has derived the ten known integrals of the problem from the 
infinitesimal transformations of this group (entirely in the sense of Lie). In this connection, you 
had remarked that from these integrals one can obtain the ten known integrals of the ordinary 
n-body problem, by taking the limit and letting the velocity of light go to infinity. It is now 
only left to show how one can obtain, in the sense of Lie, the latter integrals from the infinitesi- 
mal transformations of a ten-component group belonging to the n-body problem, which, un- 
fortunately, has been called the Galilean group. It is because it deals only with the integral of 
the {kinetic energy] and its second moments, since the zero-th and first moments are quite 
obvious.’ 

131. E. Noether, ‘Invariante Variationsprobleme’, (dedicated to F. Klein on the fiftieth anniversary 
of his doctorate), Nachr. Ges. Wiss. Gétt., Math. Phys. Kl. pp. 235-257 (1918), communicated 
on 26 July 1918. Emmy, daughter of the mathematician Max Noether from Erlangen, came to 
stay in GGttingen in 1916, although she had visited there earlier. The connections of G6éttingen 
with Erlangen are obvious: Felix Klein had come to Gottingen from there and had kept up his 
contacts with Gordan and Max Noether (who became a professor of mathematics in Erlangen 
in 1875 and stayed there until his death in 1921). Max Noether ‘played an important role in 
the development of the theory of algebraic functions as the chief representative of the algebraic 
geometrical school.’ [H. Weyl, ,“Emmy Noether’, Scripta Math. 3, 201-220 (1935), reprinted 
in Gesammelte Abhandlungen 3, 425-444; see p. 425.} 

When Gordan retired in 1910, Erhard Schmidt, one of Hilbert’s students, brought his 
master’s spirit to Erlangen, and so did Ernst Fischer who followed Schmidt there in 1912. At 
least since 1913, Weyl recalled, Emmy Noether had visited Gottingen occasionally, and both 
Hilbert and Klein welcomed her collaboration. In fact, Hilbert tried to get her through with her 
habilitation (i.e. installed as a Privatdozent in the University of Gottingen) already during 
World War I, but he did not succeed before 1919, because the philosophers and historians 
opposed her candidacy on the ground that she was a woman. The faculty members argued that 
since there existed no faculty rest rooms for ladies, this would cause difficulties for a woman 
lecturer. Upon which Hilbert remarked: ‘I do not see that the sex of a candidate ts an argument 
against her admission as Privatdozent. After all, we are a university and not a bathing estab- 
lishment.’ (H. Weyl, /.c., p. 431). In 1922 she was given the courtesy title, without official 
salary, of an extraordinary (i.e. associate) professor. She stayed in Géttingen until 1933, where 
many worked with her. She had to leave Germany in 1933, and she became a professor of 
mathematics at Bryn Mawr College, also lecturing at times at the Institute for Advanced 
Study in Princeton. She died on 14 April 1935. See also B. L. van der Waerden, ‘Nachruf auf 
Emmy Noether’, Math. Annalen, pp. 469-476 (1935), and Auguste Dieck, ‘Emmy Noether’, 
Birkhauser, Basel, 1970. 

132. E. Noether, Ref. 131, pp. 238-239. 

133. E. Bessel-Hagen, ‘Uber die Erhaltungssatze der Elektrodynamik’, Math. Ann. 84, 254 (1921). 

134. The generalization of Noether’s Theorem to quantum mechanics was made by E. P. Wigner in 
his paper ‘Ober die Erhaltungssdtze in der Quantenmechanik’, Nachr. Ges. Wiss. Gatt., p. 375 
(1927). 

135. Gustav Mie, ‘Grundlagen einer Theorie der Materie (I)’, Ana. Phys. (Leipzig) 37, 511-534 
(1912); (ID, 39, 1-40 (1912); (IID, 40, 1-66 (1913). 

136. G. Mie, lc., (D, p. SIL. 

{37. This is in contrast to the model, for instance, of Lorentz who thought of an electron, with its 
charge distributed on the surface of its shell. Poincaré had already pointed out that the Lorentz 
electron model suffered from many difficulties. 

138. G. Mie, Lc., (1), p. 513. 

139. G. Mie, lc., (D, p. 512. 

140. ‘This, to us, seems to constitute a very weighty argument against Mie’s theory’, Pauli remarked 
in 1921. (W. Pauli, ‘Relativitatstheorie’ in Encyklopddie der math. Wiss. V/19, Leipzig (1921); 
Theory of Relativity, Pergamon Press, Oxford (1958), p. 192, see Ref. 106). 

Although Mie did not succeed in discovering the appropriate ‘world function’ which could 
account for the existence, asymmetry, and stability of the proton and the electron, his in- 
vestigations inspired the work of M. Born and L. Infeld on ‘non-linear electrodynamics’ which 
corresponded entirely with Mie’s programme. [See M. Born’s review article on the Born—Infeld 
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non-linear electrodynamics in Ann. Inst. H. Poincaré 7, 155 (1937), which gives an explicit 
discussion of the relation of this work to Mie.) 

G. Mie, Section 35 of (11D, in Ref. 135, entitled ‘Das Plancksche Wirkungsquantum’ does not 
represent a step in this direction. 

Constance Reid, Hilbert, Springer, New York, (1970), pp. 140-141. 

Einstein-Sommerfeld Briefwechsel (see Ref. 1), p. 30. 

A. Einstein, S. B. Preuss. Akad. Wiss. (1915), p. 844. 

D. Hilbert, ‘Die Grundlagen der Physik’, Nachr. Kgl. Ges. Wiss. Gott. pp. 395-407 (1915), 
especially p. 405. 

In an article, ‘Contribution to the History of Einstein’s Geometry as a Branch of Physics’, 
[Published in Relativity, Plenum Press (1970)], Eugene Guth wrote [p. 183]: ‘Apparently, 
Weyl, in the first textbook of general relativity [H. Weyl, Raum, Zeit, Materie, Springer, 
Berlin (first edition 1918))}, originated the story that the field equations of genera! relativity 
have been established also by Hilbert simultaneously and independently of Einstein. This re- 
mark was taken over also by Pauli in his well-known article on relativity [Ref. 140] and later 
on by several other textbook writers. The remark of Weyl and Pauli does not correspond with the 
historical truth. (My emphasis.] In the first place these two experts did not look up carefully 
the references in Hilbert’s paper. Otherwise, they would have noticed that Hilbert quotes all 
of Einstein’s communications of November 1915, in the Proceedings of the Berlin Academy. 
In particular, he quotes the paper on p. 844 which contains the final form of the GR {General 
Relativity] field equations.’ 

Guth goes on to say [pp. 183-184] that, ‘It is interesting, however, how this ‘‘myth’’ has 
arisen. For the following remarks I am indebted to Professor P. P. Ewald who was, in 1915, 
Hilbert’s ‘‘assistant for physics’’. His story is reinforced by the recently published exchange of 
letters between Einstein and Sommerfeld. [See our Ref. 1.] In a letter dated 15 July 1915, 
Einstein says about his visit in G6ttingen that he had great joy there; everything he said was 
understood in detail. He was very enthusiastic about Hilbert. Clearly Einstein gave a talk in 
GGttingen. Hilbert, whose absentmindedness was legendary, started to think about the problem 
on the basis of what Einstein said, who at that time did not have yet the correct form of his 
field equations. } heard from Ewald that Hilbert, very likely in the fall of 1915, gave a talk in 
GGttingen presenting the correct equations without referring to Einstein. However, by that 
time, Einstein must have had also the correct equations, certainly before Hilbert did. Sommer- 
feld heard about Hilbert’s talk in GGttingen and suggested that Hilbert write a letter apolo- 
gizing to Einstein, which Hilbert, of course did. At any rate, he never claimed having been the 
independent discoverer of the field equations of G.R. {General Relativity].’ 

We have not been able to find any evidence that would substantiate these remarks.* There 
does not exist any trace of a letter of apology from Hilbert to Einstein. The reason for that is 
quite simple: Hilbert did not need to apologize at all. As for Weyl and Pauli, they had read the 
literature quite carefully and concluded that Hilbert had discovered the field equations of 
gravitation [Equations (37)] simultaneously with and independently of Einstein. 

Hilbert’s lecture in question at Géttingen was exactly the one which he gave before the Got- 
tingen Academy fhis first communication on the foundations of physics] on 20 November 
1915. [See the records of the meetings of the KGnigliche Gesellschaft der Wissenschaften, 
Gottingen.) Hilbert’s derivation [of Equations (37)]} was thus announced a few days before 
Einstein presented his formulation to the Prussian Academy in Berlin (on 25 November 1915). 
Hifbert was able to refer in his published paper in the Gottinger Nachrichten to all four of 
Einstein’s communications of November 1915 because his paper, just as Einstein’s communica- 
tions, was published only several weeks later, and he could include these in the footnotes. [See 
footnotes on p. 395 and p. 405 of Ref. 145.] 

Hilbert was clearly inspired by Einstein’s work of 1913-14 on gravitation, and Mie’s work 
of 1912-13 on electrodynamics, to develop his unified theory of electromagnetism, and acknowl- 
edged this fact clearly and unequivocally. But his derivation {of Equations (37)] was com- 
pletely independent of Einstein’s approach. He used an axiomatic method and employed the 
variational principle. In fact, Einstein did not like Hilbert’s approach. [See our References 149, 
187, 203, 242, and 257.] 


* See Note 270 added in proof. 
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Instead of an apology for his first communication, Hilbert wrote a second memoir on the 
foundations of physics, and presented it to the Géttingen Academy on 23 December 1916. 
That Hilbert had been guided by the intuitive physical reasoning of Einstein, he repeated often 
enough. That he considered Einstein as the principal architect of general! relativity, he con- 
firmed by his often expressed admiration for Einstein and by his nomination of Einstein for the 
third Bolyai prize in 1915 ‘for the high mathematical spirit behind ali his achievements’. [The 
first and second recipients of the Bolyai prize had been Poincaré and Hilbert respectively. 
Einstein did not receive this award.] 

Hilbert was justly proud of his contribution to the foundations of physics and his derivation 
of the field equations of gravitation. By 1920, Einstein’s dominance over the entire range of 
questions of general relativity was such that people were forgetting what Hilbert had contrib- 
uted. That is why, in 1924, he again published a treatise which consolidated the principal con- 
tents of his communications of 1915 and 1916 with additional comments. He felt that his con- 
tributions contained ‘an enduring core’. [See Refs. 147 and 258.] 

146. Hilbert’s contributions to the theory of gravitation are not mentioned in most textbooks or 
review articles on general relativity. There are, however, a few exceptions: e.g., H. Weyl, 
Space, Time, Matter (Dover, New York, 1952, based on the fourth German edition), H. Weyl, 
‘Zu David Hilberts siebzigstem Geburtstag, Die Naturwissenschaften 20, 57-58 (1932), and 
H. Weyl, ‘50 Jahre Relativitatstheorie’, Die Naturwissenschaften 38, 73-83 (1950), W. Pauli, 
Theory of Relativity, p. 161, J. W. Anderson, Principles of Relativity Physics, Academic Press, 
New York (1967), p. 344. Only P. Jordan went so far as to call the equations of gravitation in 
the vacuum, the Einstein-Hilbert equations. (Schwerkraft und Weltall, Braunschweig (1952), 
p. 61.) 

147. In an essay in honour of Hilbert’s 60th birthday, Max Born wrote: ‘This remarkable coinci- 
dence, however, never gave rise to any controversy about priority between the two men. 
Rather, their correspondence, which had originated in an exchange of scientific views, devel- 
oped into more personal and friendly communications. Hilbert always remained aware of the 
fact that the great principal physical idea was Einstein’s, and he expressed it in numerous 
lectures and memoirs....’ (Naturwiss. 10, 88-93 (1922), in particular p. 92, reprinted in M. 
Born, Ausgewahlite Abhandlungen, Vol. I, pp. 584-598, see p. 595.) 

148. C. Reid, Hilbert, Springer, New York (1970), p. 142. 

149. Einstein once remarked, ‘The people in Gdttingen sometimes strike me, not as if they want to 
help one formulate something clearly, but as if they only want to show us physicists how much 
brighter they are than we.” (Reid, /.c., p. 142.) 

150. C. Reid, Hilbert, p. 142. 

151. ‘Einstein has posed immense problems, has brought forth profound thoughts and unique con- 
ceptions, and has invented ingenious methods for dealing with them. Mie was able to con- 
struct his electrodynamics [on the basis of these], and they have opened up new avenues for 
the investigation of the foundations of physics.’ (D. Hilbert, see Ref. 97, ‘Die Grundlagen der 
Physik’, p. 395.) 

152. D. Hilbert, Ref. (97), 1, p. 395. 

153. D. Hilbert, Ref. (97), I, p. 396. 

154. D. Hilbert, Ref. (97), I, p. 396. 

155. ‘The leitmotiv for the construction of my theory has been the following mathematical theorem, 
the proof of which [ shall give at another place.’ (D. Hilbert, Ref. (97), I, p. 396.) 

156. D. Hilbert, Ref. (97), I, p. 397. 

157. See the remarks in Section H1.3. Emmy Noether had given the proof in its most general form. 
Hilbert gave a complete proof for a special case (which he called Theorem 2) of the general 
theorem. 

158. D. Hilbert, Ref. (97), I, pp. 397-398. 

159. A. Einstein, Ann. Phys. ( Leipzig ) 49, 769 (1916), p. 810. 

160. D. Hilbert, Ref. (97), I, p. 403. 

161. D. Hilbert, Ref. (97), I, p. 404. 

162. D. Hilbert, Ref. (97), I, p. 406. 

163. D. Hilbert, Ref. (97), 1, p. 407. 

164. C. Seelig, Albert Einstein [Ref. 35], p. 188. 

165. A. Einstein, Ann. Phys. ( Leipzig ) 49, 769-822 (1916). 
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166. A. Einstein, Ref. (165), p. 772. 

167. A. Einstein, Ref. (165), p. 775. 

168. A. Einstein, Ref. (165), p. 779. 

169. F. Kottler, Ann. Phys. ( Leipzig ) 50, 955 (1916). Kottler had already given, as early as 1912, 
the expression for the electromagnetic field equations in a generally covariant form (S. B. 
Akad. Wiss. Wien 121, 1659 (1912)), and Einstein recognized his contribution. ‘Among the 
papers which deal critically with the general theory of relativity, those of Kottler are partic- 
ularly remarkable, because this expert has really penetrated into the spirit of the theory.’ 
{A. Einstein, ‘Uber Friedrich Kottlers Abhandlung **Uber Einsteins Aquivalenzhypothese und 
die Gravitation” ’, Ann. Phys. ( Leipzig ) 51, 639-642 (1916).] 

170. A. Einstein, Ann. Phys. ( Leipzig ) 51, 639 (1916). 

171. A. Einstein, Ann. Phys. ( Leipzig ) 51, 639 (1916), esp. pp. 640-641. 

172. E. Kretschmann ‘Ober den physikalischen Sinn der Relativitatspostulate, A. Einsteins neue 
und seine urspriingliche Relativitatstheorie’, Ann. Phys. ( Leipzig ) 53, 575-614 (1917). 

173. E.Kretschmann, Ref. (172), p. 576. 

174. E.Kretschmann, Ref. (172), p. 584. 

175. E.Kretschmann, Ref. (172), p. 610. 

176. A. Einstein, Ann. Phys. ( Leipzig ) 55, 241-244 (1918). He praised the author (Kretschmann) 
for his sharp wit, but did not find the sharper form of the equivalence principle either valuable 
or desirable. 

177. A. Einstein, Ann. Phys. ( Leipzig ) 49, 769 (1916), esp. p. 781. 

178. A. Einstein, Ref. (177), p. 789. 

179. A. Einstein, Ref. (177), pp. 802-803. 

180. A. Einstein, Ref. (177), pp. 803-804. The formal proof of this statement was given by H. Ver- 
meil, Nachr. Ges. Wiss. Gottingen (1917) 334; sce also H. Vermeil, Math. Ann. 79 (1918) 289. 

181. A. Einstein, Ref. (177), p. 804. 

182. ‘The special theory of relativity has led to the result that the inertial mass is nothing but the 
energy, which can be expressed mathematically by means of a symmetrical tensor of the second 
rank, the energy tensor. Hence, we shall have to introduce an energy tensor To in general 
relativity also, having the same mixed character as the components [%z of the gravitational field, 
but belonging to a mixed symmetrical covariant tensor.’ (Ref. (177), p. 807.) 

183. A. Einstein, Ref. (177), p. 808. 

184. A. Einstein, Ref. (177), p. 810. 

185. A. Einstein, Ref. (177), pp. 810-811. 

186. Einstein had already done this in a paper entitled ‘Eine neue formale Deutung der Maxwellschen 
Feldgleichungen der Elektrodynamik’, Sitz. Ber. Preuss. Akad. Wiss. (1916), pp. 184-187. 
(Submitted and read on 3 February 1916.) 

187. C. Seelig, Ref. (35), p. 199. 

188. This value had already been calculated in his communication of 18 November 1915, dealing 
with the motion of the perihelion of Mercury. 

189. A. Einstein, Sitz. Ber. Preuss. Akad. Wiss. (1916), pp. 688-696. See also the later paper, ‘Uber 
Gravitationswellen’, Sitz. Ber. Preuss. Akad. Wiss. (1918), pp. 154-167, in which Einstein 
gave a more lucid presentation and corrected a previous error. 

190. Einstein noted {similar to what Hilbert thought], ‘At first sight, it seems strange that, in addi- 
tion to the ten equations [Equations (66)] for the ten functions yy», there should be four 
others which can be written arbitrarily along with them, without over-determination. The 
justification of this procedure is the following. The equations [of gravitation] are covariant 
with respect to arbitrary substitutions, i.e. they are satisfied for an arbitrary choice of the 
coordinate systems. If a new coordinate system is introduced, then the gu» of the new system 
would depend upon the four arbitrary functions which define the transformation of the co- 
ordinates. These four functions can be so chosen that the gus of the new system would satisfy 
four arbitrarily prescribed relations. The latter are assumed to be chosen such that they trans- 
form into the equations [(68)] in the case of the approximation of interest to us. Thus the 
latter equations signify the condition chosen by us according to which the coordinate system 
has to be selected. By means of the equations [(68)], one can now obtain the simple equations 
[(67)] instead of ((66)].” (A. Einstein, Ref. (189), (1918), pp. 155-156.) 

191. A. Einstein, Ref. (189), (1918), p. 164. 
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192. A. Einstein, ‘Kosmologische Betrachtungen zur allgemeinen Relativitatstheorie’, Sits. Ber. 
Preuss. Akad. Wiss. (1917), pp. 142-152 (submitted and read on 8 February 1917). 

In a letter dated 5 December 1916, Michele Besso thanked Einstein for the papers which 
he had sent him, and asked him rather vaguely about the role of gravitational energy. Einstein 
replied to him during the same month (December 1916), and said: ‘Now concerning A = 1/R. 
Quite apart from the fact whether it holds or not, the question here is not one of great scientific 
significance... . If f choose the gur to be Galilean at a certain location, and continue in a most 
appropriate manner, then {we ask ourselves} how do gyz»s depend on space and time at an ex- 
tremely large distance? Is it possible to arrange things in such a way that the gy» shall be deter- 
mined by matter alone, in accordance with the principle of relativity?... . The permanence of 
the universe requires that motion (centrifugal forces) should oppose [gravitational] collapse. 
Such is the case with our solar system. But this is possible only if one lets the average density 
of matter suitably approach zero at infinity, or else infinite differences of potential would arise. 

*Such a description would be unsatisfactory even in Newtonian theory. [The problem of the 
rarification of matter and the dissipation of energy at infinity.] [It is even less satisfactory in 
relativity, because relativity does not satisfy inertia. The latter would be mainly determined at 
[spatial] infinity by the gus, and to a much lesser extent by the interaction with the other masses. 
I find such a description unbearable. The only solution which I can think of is the hypothesis 
of the closedness of space, the consistency of which | have already demonstrated. 

‘Of course, I do not really believe that the universe is in a statistical-mechanical equilibrium, 
even though I have [on occasion] treated it so. Because then, all the stars will coalesce together (if 
only a finite volume were at our disposal). However, a deeper examination shows that statistics 
can be used for the treatment of such questions which concern me. One can, however, also do 
without the statistical considerations. Certainly, the infinitely large differences of potential 
would give rise to very large stellar velocities, which should have been observable for a long 
time. Small potential difference, together with an infinite expansion of the universe, requires 
an empty space at infinity (constancy of the gy, at infinity with an appropriate choice of the 
coordinates), in contradiction to any sensible interpretation of relativity. Only the closedness 
of the universe can pet rid of this dilemma, and in any case it is also suggested by the fact that 
the curvature has the same sign everywhere because the energy density is nowhere negative, as we 
know. 

‘The 2 introduced here for the first time has nothing to do with the previous one. The fact 
that an additional term + Agy» on the left side of the field equation does not interfere with its 
tensor character, had escaped my notice. My new approach, however, seems to require a non- 
vanishing 4, which would give rise to a non-vanishing average density of matter go. A count 
of fixed stars leads to an order of magnitude for go of 10-22 gm/cm, corresponding to a radius 
of the universe R =: 10? light years, whereas the distance of the remotest fixed stars has been 
estimated 104 light years. You and Dallenbach should read [my] paper; you will have fun.” 
{See Correspondance, Ref. (73.)] 

193. A. Einstein, S.B. Preuss. Akad. Wiss. (1917), p. 143. 

194. A. Einstein, Ref. (193), pp. 143-144. 

195. A. Emstein, Ref. (193), p. 145. 

196. A. Einstein, Ref. (193), p. 148. 

197. A. Einstein, Ref. (193), p. 151. 

198. A. Einstein, Ref. (193), p. 152. At first Einstein was very satisfied with his cosmological con- 
siderations. In a letter to Besso, dated 9 March 1917, he wrote: ‘You will have received the 
**cosmological considerations’’. [t provides at least a proof that my relativity [theory] can lead 
to a system without contradiction. Till now one had always to be afraid that the ‘‘infinite”’ 
would harbour inconsistencies which could not be resolved. Unfortunately there is little 
promise that these views can be checked in reality. If we take into consideration the astronomic- 
al results on the density of distribution of stars, we obtain an order of magnitude estimate 
of R= 107 light years, whereas visibility extends to R= 104 light years. Incidentally, the 
question arises whether we should not be able to see stars which lie close enough to our 
antipode. They should have a negative parallax. One must not forget, however, that the cur- 
vature of space is irregular, and light rays travel through an inhomogeneous medium.” (See 
Ref. 73).] : 

Writing to Besso again on 20 August 1918, he said: ‘Either the universe has a centre, has a 
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vanishing density everywhere, empty at infinity where all the thermal energy is 
gradually lost as radiation; or, all the points are equivalent on the average, and the mean dens- 
ity is everywhere the same. In either case, one needs a hypothetical constant 1, which specifies 
the particular mean density of matter consistent with equilibrium. One perceives at once that 
the second possibility is more satisfactory, especially since it implies a finite size for the uni- 
verse. Since the universe is unique, there is no essential difference between considering 1 as a 
constant which is peculiar to a law of nature or as a constant of integration.’ [See Ref. (73).] 

Later on, the cosmological constant had ups and downs, even in the esteem of Einstein. In 
the early nineteen-twenties he became interested in the mathematically more general affine 
geometry, close to the approaches of Weyl and Eddington, but he returned to his old equations 
in 1925. ‘I had to reject my endeavour which followed Eddington’s ideas. In any case, I am 
now convinced that unfortunately nothing is to be gained from the Weyl-Eddington complex 
of ideas. I regard the equation 

Roy — 49ueR = — Tur 


as the best (electromagnetic) [equation] that we have today. There are nine equations for 
fourteen quantities gy» and yy». New calculations seem to indicate that they yield the motion 
of the electrons. But it appears to be doubtful whether the quanta have a place in all this.’ 
{Letter to Besso, dated 25 December 1925, /.c. in Ref. (73)] 

199. Ilse Rosenthal-Schneider, ‘Erinnerung an Gesprache mit Einstein’, manuscript dated 23 July 
1957. {Einstein Archive, Princeton, N.J.] 

Singularly lacking are any eye-witness accounts of Einstein’s tremendous absorption in the 
problems of general relativity during 1915-16. A charming glimpse is contained, however, in 
Charles Chaplin’s My Autobiography (The Bodley Head, London 1964). 

Chaplin recalls a dinner at his home in California in 1926, at which Einstein, Mrs Einstein, 
and two other friends of Chaplin were present. At dinner Mrs Einstein ‘told me the story of 
the morning he conceived the theory of relativity.’ She related: ‘The Doctor [i.e. Einstein] 
came down in his dressing-gown as usual for breakfast but he hardly touched a thing. I thought 
something was wrong, so I asked what was troubling him. ‘‘Darling,”’ he said, ‘I have a 
wonderful idea.”” And after drinking his coffee, he went to the piano and started playing. 
Now and again he would stop, making a few notes then repeat: ‘‘I’ve got a wonderful idea, a 
marvellous idea!’’ I said : ‘‘Then for goodness’ sake tell me what it is, don’t keep me in suspense.”’ 
He said: *‘It’s difficult, I still have to work it out.’’’ 

Mrs Einstein told Mr Chaplin that Einstein continued playing the piano and making notes 
for about half an hour, then went upstairs to his study, telling her that he did not wish to be 
disturbed, and remained there for two weeks. ‘Each day I sent him up his meals,’ she said, 
‘and in the evening he would walk a little for exercise, then return to his work again.” 

‘Eventually,’ Mrs Einstein said, ‘he came down from his study looking very pale. *‘That’s 
it,’” he told me, wearily putting two sheets of paper on the table. And that was his theory of 
relativity.” 

200. A. Einstein, Ann. Phys. ( Leipzig }) 49, 771. 

201. A. Einstein, Ref. (200), p. 776. 

202. Letter from Einstein to M. Besso, dated Berlin, 31 October 1916. [See Ref. (73)} 

203. Einstein expressed his prejudice against Hilbert’s axiomatic method. ‘In this paper, it is not my 
goal to present the theory of general relativity as a system, logically as simple as possible, based 
on a minimum of axioms. Rather, my motivation is to develop this theory in such a way that 
the reader would sense the psychological simplicity of our approach, and the basic assump- 
tions would be verified as much as possible by our empirical knowledge.’ (A. Einstein, Ref. 
(200), p. 777.) 

204. D. Hilbert, Nachr. Ges. Wiss. Gott., Math. Phys. KI. (1917), 53-76, in particular p. 53. 

205. D. Hilbert, ‘Die Grundlagen der Physik’, Math. Ann. 92, 1-32 (1924). This is a slightly con- 
densed version of Hilbert’s two memoirs of 1915 and 1916, which were published in the Pro- 
ceedings of the GGttingen Academy. The third axiom ts the one which expresses H as a sum 
of a gravitational term K and an electrical term L. Axiom IV was stated in this paper (p. 11). 
(This paper was reprinted in Hilbert’s Gesammelte Abhandlungen, Vol. 3, pp. 258-289.} 

206. D. Hilbert, Nachr. Gott. (1917), p. 54. 

207. D. Hilbert, Nachr. Gott. (1917), p. 57. 
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208. W. Pauli, /.c. in Ref. 106, Section 22, ‘Reality relations’, English edition, pp. 62-64. 

209. H. Reichenbach, Axiomatik der relativistischen Raum-Zeit-Lehre, Vieweg, Braunschweig (1965); 
English translation by M. Reichenbach, University of California Press, Berkeley (1969), 
pp. 179-181. It seems to be quite remarkable that Reichenbach ignored Hilbert’s system of 
axioms completely. 

210. D. Hilbert, Nachr. Gétt. (1917), p. 61. 

211. D. Hilbert, Nachr. Gért. (1917), pp. 63-64. 

212. D. Hilbert, Nachr. Gott. (1917), p. 66. 

213. D. Hilbert, Nachr. Gott. (1917), p. 70. 

214. Einstein oscillated between the opinions whether he should take the singular solution as the one 
corresponding to the real particle (electron, etc.) or not. 

215. W. Pauli, Theory of Relativity, p. 145, footnote 277 (see Ref. 106). 

216. Note, e.g., the statement in J. L. Anderson, Principles of Relativity Physics: ‘Today most 
physicists would be not only willing to accept as axiomatic the existence of a variational 
principle but would also be loath to accept any dynamical equations that were not derivable 
from such a principle.’ [J. L. Anderson, /.c., p. 344, (see Ref. 146).] 

217. Einstem-Lorentz correspondence, The Hague, The Netherlands. 

217a. H. A. Lorentz, Versl. K. Akad. Wetensch. Amsterdam 23, 1073 (1915); Proc. K. Akad. Am- 
sterdam 19, 751 (1915); reprinted in H. A. Lorentz, Collected Papers, Vol. 5, The Hague 
(1937), pp. 229-245. 

218. H.A. Lorentz, Ref. (217a), p. 1073, or Collected Papers, Voi. 5, p. 229. 

219. H.A. Lorentz, Versl. K. Akad. Wetensch. Amsterdam 24, 1389, 1759; 25, 468, 1380 (1916); 

Proc. K. Akad. Amsterdam 19, 1341, 1354, 20, 2, 20 (1916), reprinted in Collected Papers, 

Vol. 5, pp. 246-333. 

H. A. Lorentz, Collected Papers, Vol. 5, p. 246. 

H. A. Lorentz, Ref. 220), p. 246. 

H. A. Lorentz, Ref. (220), p. 251. In his remarks Lorentz seems to convey the impression that 

everything had been done by Einstein, which, as we have discussed, was not entirely so. The 

fact was that Einstein was in close contact with Leiden since the time his friend Paul Ehrenfest 
succeeded Lorentz there. Einstein always expressed the feeling that he had found the greatest 

understanding in Holland. For instance, in a letter to Besso, written either at the end of 1913 

or early in 1914, Einstein remarked: ‘I shall visit Lorentz in Spring in order to discuss all these 

matters with him [i.e. general relativity]. He has great interest in this, just as Langevin.” [See 

Correspondance, Ref. (73)}. 

Einstein also enjoyed continuous and warm personal contact with Lorentz during and after 
the first World War, at a time when relations between the scientists of Germany and those of 
other nations were rather limited. In the exchange of correspondence between the two men, 
several letters are concerned with the attitudes of Planck, Nernst, and others with whom 
Lorentz obviously did not have any exchange during that time. It was, therefore, quite natural, 
and further enhanced by the occasional visits of Einstein to Leiden, that Lorentz should regard 
almost everything in general relativity as coming from Einstein. One must also consider that 
Lorentz at that time, in 1915 and 1916, was beginning to depend much more on personal dis- 
cussions for information about new developments rather than on his own study of the literature. 
223. This part is contained in the second paper in H. A. Lorentz, Versl. K. Akad. Wetensch. Am- 

sterdam 24, 1759 (1916). 

224. A. Einstein, ‘Hamiltonsches Prinzip und allgemeine Relativitatstheorie’, Sitz. Ber. Preuss. 
Akad, Wiss. (1916), pp. 1111-1116. 

225. A. Einstein, Ref. (224), p. 1111. 

226. F. Klein, Nachr. Ges. Wiss. Gott., Math. Phys. Kl. (1918), pp. 171-189. 

227. He proudly noted: ‘As one can see, there is nothing more to be really calculated in the integrals, 
except to make the obvious use of the elementary formulas of the classical variational calcula- 
tion.’ (F. Klein, Ref. (226), p. 172) 

228. F. Kiein, Ref. (226), p. 185. 

229. In conclusion he noted: ‘I must not forget to thank Miss Noether for her active assistance in 
my recent work. She has worked out in full generality the mathematical ideas which I have 
used in an attempt to relate the integral {= | K dx:...dxa] with the physical problems, and 
she will publish them soon in these Proceedings.’ [F. Klein, Ref. (226), p. 189]. 
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230. F. Klein, Nachr. Ges. Wiss. Gétt. (1918), pp. 394-423 (submitted and read on 6 December 
1918). 

231. W. de Sitter, Proc. Acad. Sci. Amsterdam 19, 1217; 20, 229 (1917). 

232. F. Klein, Nacht. Got:. (1918), Ref. (226), pp. 394-395. 

233. F. Klein, Ref. (232), p. 399. 

234. F. Klein, ‘Zu Hilberts erster Note Gber die Grundlagen der Physik’, Nachr. Ges. Wiss. Gott 
(1917), pp. 469-489 (read on 25 January 1917). Klein’s aim was to simplify Hilbert’s calcula- 
tions of the variational problem and obtain ‘a clearer insight into the significance of the con- 
servation laws’. [F. Klein, /.c., p. 469}. 

235. Klein also favoured Hilbert’s generalization of Maxwell’s equations. ‘It is also clear now how 
the old theory of Maxwell's is related to the new theory as a limiting case. If Maxwell’s theory 
is written in terms of the general curvilinear coordinates x1...xa, we always encounter ds2, 
whose Riemannian curvature vanishes identically. On the other hand « is taken to be 0 [where 
a is proportional to the gravitational constant]. With this, the ten equations { Equations (37)? 
are satisfied automatically; the Qus of the electromagnetic field are no longer subject to any re- 
strictions, and just Maxwell’s equations remain.” (Ref. (234), pp. 473-474). 

236. F. Klein, Ref. (234), p. 475. 

237. ‘Because of all this I can hardly believe that it is appropriate to regard the arbitrarily chosen 
quantities f’. as the energy-components of the gravitational field.” (Ref. (234), p. 477.) 

238. D. Hilbert, Nachr. Gots. (1917), p. 477-480. 

239, D. Hilbert, Ref. (238), p. 477. Hilbert also mentioned that Emmy Noether, whose help he had 
requested in his study of the question of energy conservation over a year previously, had, 
in fact, studied the question thoroughly and arrived at Klein’s conclusions. Klein had also 
seen Noether’s proof after writing down his own derivation. (Ref. (234), p. 476.) 

240. D. Hilbert, Ref. (238), p. 480. 

241. F. Klein, Ref. (234), pp. 481-482. 

242. L. Bianchi, Mem. della Societa Italiana delle Scienze (3a) 11, (1897). Felix Klein quoted 
Bianchi in his Development of Mathematics in the 19th Century, Vol. II, on p. 149, [see Ref. 103] 
but he never referred to the Bianchi identities in the relevant papers. 

The English translation of W. Pauli’s Encyclopaedia article on relativity was published 
early in 1958. In the English edition, Pauli appended a large number of supplementary notes. 
I had opportunity of talking to Pauli in Spring 1958, among other things, about this book on 
relativity. I told him that the original article was already so perfect that it was surprising that 
he should have thought of adding supplementary notes. He replied with a wide grin, ‘You 
know, it was not all that perfect. I had not even mentioned the Bianchi identities.’ This he had 
done now in Note 7, and discussed the identities in detail pp. 212-214 [see Ref. 106}. 

It is remarkable that when Einstein fully saw the advantages of the derivation of the field 
equations from a variational principle, he no longer recognized that this was precisely why 
Hilbert had pursued this approach. Einstein wrote: ‘The derivation of the field equations from 
a variational principle has the advantage that the compatibility of the resulting system of equa- 
tions is assured and that the identities connected with the general covariance, the ‘*Bianchi 
identities’, as weil as the conservation laws result in a systematic manner.’ [A. Einstein, The 
Meaning of Relativity, Fifth Edition, Princeton (1955), Appendix II, p. 154.] 

Although Einstein developed this remark to show how this could be done, he no longer 
remembered the fact that this is indeed what Hilbert had done in his first communication on 
the foundations of physics. 

243. It might not be complete due to the fact that not all of Klein’s 152 conditions or identities seem 
to be independent. Also, he derived them for a special matter system. On the other hand, the 
number of 256 Bianchi identities would surely be reduced in a Riemannian geometry. Finally 
one must ask whether the Bianchi identities express the fact of general covariance completely, or 
whether there are further consequences from it. Without going into these details, let us just 
note the fact that there is considerable overlap between the identities derived by Bianchi and 
those derived by Klein on invariant-theoretic grounds. 

244. H. Weyl, Raum-Zeit-Materie, Leipzig (1918); the fourth edition (1921) was translated as 
Space-Time-Matter, Methuen, London (1922). Dover edition, New York (1952). The quota- 
tions are from the Dover edition, p. 102. 

245. T. Levi-Civita, Rend. del. Circ. Mat. di Palermo 42, 173 (1917). 
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246. G. Hessenberg, ‘Vektorielle Begriindung der Differentialgeometrie’, Math. Am. 78, 187 (1917}. 

247. H. Weyl, Math. Z. 2, 384 (1918). See also Weyl, Sitz. Ber. Preuss. Akad. Wiss. (1918), p. 465. 

248. This follows by integrating the Equation (101), and noting that / is a constant throughout the 
space if ¢y.dx* is a total differential, which means that the expressions 


Op aby 
wax ax? 
vanish. 

249. A. Einstein, Sitz. Ber. Preuss. Akad. Wiss. (1918), p. 478. 

250. On receiving the proof sheets of Weyl’s book (Raum, Zeit, Materie, Ref. (244)), Einstein wrote 
to him on 8 March 1918: ‘It is like a classical symphony. Each word is related to the whole and 
the design of the work is grandiose. The magnificent use of the infinitesimal parallel displace- 
ment from vectors to the deduction of the Riemannian tensors! How naturally it all falls 
into place! And now you have given birth to something which I could never have expected: 
the construction of Maxwell’s equations. [ am naturally very delighted with you and with your 
handling of the subject... .” (C. Seelig, Ref. (35), p. 200.) 

But already on 31 June 1918, Einstein was remonstrating with Weyl: ‘Could one really 
accuse the Good Lord of being inconsequential if he rejected the opportunity discovered by you 
for harmonizing the physical world? [ do not think so. If he had made the world to your speci- 
fication, dear Weyl, I would have gone to Him and said reproachfully: ‘‘Dear Lord, if it did 
not lie within Thy power to give an objective meaning to the congruence of infinitely small 
rigid bodies, so that when they are removed from each other one cannot say if they are con- 
gruent or not, why hast Thou, O Inconceivable, not disdained to bequeath to the angle this 
property or that of similarity?” .... But since the Good Lord noticed long before the develop- 
ment of theoretical physics that he could not come to terms with the opinions of the world, He 
does as He likes.’ (C. Seelig, Ref. (35), p. 201.) 

Writing to Ehrenfest, he expressed himself again about Weyl’s theory: ‘A paper by Pauli on 
Weyl’s theory already shows the consequence of the initial fallacy of this theory: in general, 
Static solutions do not exist for non-vanishing potentials. It is quite incomprehensible to me 
that Weyl himself and all others cannot immediately sense that the theory is contrary to ex- 
perience.’ (Letter to Ehrenfest, dated 4 December 1919, reprinted in C. Seelig, Ref. (35), p. 202.) 

And in a letter to Besso, dated 26 July 1920, he wrote: ‘Of course, I have been totally con- 
vinced from the very beginning of the incorrectness of Weyl’s theory. Most [experimental] 
facts are against it, and none in its favour.” [See Correspondance, Ref. (73)] 

251. A.S. Eddington, Proc. Roy. Soc. (London) A99, 104 (1921); A. Einstein, Sitz. Ber. Preuss. 
Akad. Wiss. A23, 32, 76, 137. 

252. T. Kaluza, Sitz. Ber. Preuss. Akad. Wiss. (1921), p. 27. This theory was extended by O. Klein 
in several papers: Z. Phys. 37, 895 (1926); Z. Phys. 36, 188 (1927), J. Phys. Rad. 8, 242 (1927) ; 
Ark. Mat. Ast. Fys. 34, No. | (1946). 

253. O. Klein, Z. Phys. 37, 903 (1926). 

254. Toconclude, he said: ‘As in de Broglie’s work, our approach is also based upon the motivation 
that the analogy between mechanics and optics (which is evident in the Hamiltonian method) 
leads to a deeper understanding of quantum phenomena. That this analogy has real physical 
significance is shown by the similarity of the conditions fur the stationary states of atomic sys- 
tems and the interference phenomena in optics. Concepts such as point chargeand mass point now 
appear to bestrange even inclassical field physics. The hypothesis has often been used that material 
particles are special solutions of the field equations which govern the gravitational and electro- 
magnetic fields. It is only a short step to relate the analogy mentioned above to this idea. For, 
according to this hypothesis, it does not seem at all strange that the motion of material particles 
shows similarities with the propagation of waves. The analogy in question is, however, incom- 
plete so long as one considers wave propagation in four dimensions only. This becomes already 
evident in the varying velocities of material particles. If one imagines the observed motion as a 
projection on the space-time of a propagating wave (taking place in a five-dimensional space), 
then a complete analogy can be made. Mathematically, it means that the Hamilton-Jacobi 
equation cannot be understood as a set of characteristics of a four-dimensional wave equation, 
but rather of a five-dimensional one. We are led to Kaluza’s theory in this way. 

‘Although the introduction of a fifth dimension into our physical picture might initially ap- 
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pear rather strange, such a radical modification of the geometrical basis of the field equations is 
suggested by quantum theory. For, as we know, it appears less and less likely, that quantum 
phenomena do not lend themselves to a unified space-time description. In contrast, the possibil- 
ity of expressing these phenomena by a system of five-dimensional field equations should not be 
ruled out right away. (Footnote: Professor Bohr has made such remarks on numerous occa- 
sions, and they have had a decisive influence on our work.)’ (Ref. (253), p. 906.) 

255. O.Klein. Z. Phys. 46, 207 (1927). Oscar Klein remarked immediately that his efforts were not 
successful. In a footnote in the same paper (pp. 190-191), he said: ‘In the following I have 
given a much belated but complete exposition of my efforts on the five dimensional form of the 
theory of relativity which (since, in the meantime, various researchers have been occupied with 
this subject) hardly offers any new mathematical results. Still I hope that it would arouse some 
interest because it does differ from the other endeavours in this field, including the author’s, 
both in form as well as the physical point of view. In particular, 1 consider it no longer possible, 
by introducing the fifth dimension, to be able to bring into harmony the deviations intro- 
duced by the quantum theory with the space-time description of the classical theory.” 

256. O. Veblen and D. Hoffman, ‘Projective Relativity’, Phys. Rev. 36, 810 (1930). 

257. Letter to H. Weyl, on 23 November 1916 (quoted from C. Seelig, Ref. (35), p. 200). 

258. D. Hilbert, ‘Die Grundlagen der Physik’, Math. Ann. 92, 1-32 (1924), reprinted in D. Hilbert, 
Gesammelte Abhandlungen, Berlin (1935), pp. 258-289. 

259. D. Hilbert, pp. 1-2 (Ges. Abh. 3, pp. 258-259). 

260. A. Einstein, Sitz. Ber. Preuss. Akad. Wiss. (1919), pp. 348-356. 

261, ‘The theoreticians have tried very hard to devise a theory which would account for the electric- 
ity in equilibrium which constitutes an electron. In particular, G. Mie has investigated this 
question in great depth.... However beautifully wrought its formal construction by Mie, 
Hilbert, and Weyl may have been, this theory has not yielded satisfactory physical results. 
On the one hand, the abundance of possibilities is discouraging; on the other, the additional 
terms [in the theory] could not be put simply enough to lead to a satisfactory solution.’ (Ref. 
(260), p. 349.) 

262. A. Einstein, Ref. (260), p. 350. 

263. A. Einstein, Ref. (260), p. 351. 

264. A. Einstein, Ref. (260), pp. 355-356. 

265. ‘The idea which I am grappling with concerns the understanding of quantum phenomena and 
it is this: over-determination of the laws by having more differential equations than field 
variables. In this way the inarbitrariness of the initial conditions could be handled, without 
renouncing field theory. This approach could well be quite wrong, but it must be attempted and, 
anyhow, it is logically possible. The equation of motion of material points (electrons) would 
be given up completely, and the kinetic content of the latter would be determined along with 
the field laws. I shall send you the preliminary work on this problem as soon as it is printed. 
The mathematics [in it] is enormously difficult, and the connection with what can be experi- 
enced becomes ever more indirect. But it is still a logical possibility, to do justice to reality 
without sacrificium intellectus.’ (Letter to M. Besso, dated 5 January 1924.) [See Correspond- 
ance, in Ref. (73).] 

266. A. Einstein to M. Besso, dated Berlin, 5 January 1929 [see Ref. 73]. The paper in question was 
‘Einheitliche Feldtheorie’, Sitz. Ber. Preuss. Akad. Wiss. (1929), pp. 2-7. 

267. P.A.M. Dirac, Lecture on ‘Methods in Theoretical Physics’, in the series, From A Life of 
Physics, Trieste, Italy (June, 1968). 

268. S. Chandrasekhar, ‘On the Derivation of Einstein's Field Equations’, Am. J. Phys. 40, 224 
(1972). Chandrasekhar has argued that no rigorous derivation of Einstein’s equations exists. 
The basic assumption of Einstein’s 1915 theory was that the space-time is a quasi-Riemannian 
manifold endowed with a symmetric metric. Assuming that the Riemann—Christoffel tensor 
vanishes identically in the absence of a gravitational field, the simplest generalization in the 
presence of matter are the Einstein—Hilbert equations (37). The constant y is derived by taking 
the limit to Newton’s theory, and the matter tensor is generalized from special relativity. This 
was Einstein’s ‘derivation’. The other derivation, followed more closely by Hilbert, started 
from a variational principle. The question is how to ‘derive’ the Lagrangian or the Hamiltonian. 
Assuming it to be essentially proportional to the scalar R, one finds the equations for the vac- 
uum, which had been ‘guessed’ or ‘assumed’ by Einstein. If matter is present one has to add a 
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term yM, where M denotes the ‘scalar’ of matter, in order to obtain the Binstein—Hilbert equa- 
tions by a variational procedure. It must still be argued whether one should replace R by R-++ 2 
in the variation function, thus introducing the cosmological constant. 

269. Professor Markus Fierz has pointed out to me that this remark originated with Hermann 
Weyl, who, more than Pauli, was used to quoting statements from the Bible or his own varia- 
tions thereof. ‘Pauli did enjoy repeating this remark without claiming authorship of it.’ 
{Private communication) 

270. {Note added in proof. To be read in conjunction with Ref. (145).] Ewald was Hilbert’s assistant 
during 1912-13, not in 1915 as mentioned in the quotation in Ref. (145). 

In a letter, dated 9 September 1973, Professor P. P. Ewald has informed me that, ‘At the 
time the Hilbert and Einstein papers of 1915 appeared, I was with the German armies in Russia 
as a ‘*Field-X-ray Mechanic’’ and I did not learn of the General Relativity developments 
before my return to civilian life in 1918. 1 then had so many problems before me in the rapidly 
developing field of X-ray crystallography that I took only a slight interest in the more general 
problems of physics. I cannot remember ever having had a conversation of the type ascribed 
to me [in Ref. (145)].’ 

1 am very grateful to Professor Ewald for this clarification. 
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Appendix 


J. LETTER FROM EUGENE WIGNER TO JAGDISH MEHRA: 


8 Ober Road 
Princeton, New Jersey 08540 
November 29, 1971 

Dear Jagdish: 

Just a line to thank you for your article Albert Einsteins erste wissenschaftliche 
Arbeit. I enjoyed it very much indeed. 

There is though one question in my mind which I would like to ask you. I was under 
the impression that, simultaneously with Einstein, Hilbert also found the now accepted 
equations of general relativity. Is this correct? If so, is there a reason no one seems to 
mention this now? I realize that the basic idea was due to Einstein but it is interesting 
that, even after the promulgation of the basic idea, it took a rather long time to find 
the correct equations incorporating that idea-even though both Einstein and 
Hilbert seem to have worked on it. 

It was good to see you in Amherst and I wish to thank you again for your visit. 


Sincerely, 


Eugene (Wigner) 


II. REPLY TO EUGENE WIGNER FROM JAGDISH MEHRA: 


7606 Rustling Road 

Austin, Texas 78712 

12 December 1971 
Dear Eugene: 

Thank you very much for your kind note. I am happy to learn that you liked the 
article on Einstein’s ‘first’ paper. 

Einstein had embarked quite seriously, already in 1907, on the considerations that 
led to his general theory and the theory of gravitation, beginning with the equivalence 
of inertial and gravitational mass. After four years of serious meditation, he wrote (in 
1911) on the influence of gravity on light. In 1912, he discussed the velocity of light in 
a gravitational field (Ann. d. Phys, 38, 443 (1912)). With Marcel Grossmann (his fellow 
student from the early days at the E.T.H. in Zurich, who was now his colleague at the 
E.T.H. during the very brief period Einstein spent there after coming from Prague and 
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before going to Berlin), Einstein summed up his ideas on the general theory of relativi- 
ty and the theory of gravitation in ‘Entwurf einer Verallgemeinerten Relativitats- 
theorie und eine Theorie der Gravitation’ (Z. Math. u. Phys. 62, 225 (1913)). (By the 
way, it was Grossmann’s father who had assisted Einstein in obtaining the job at the 
Patentamt in Bern. Later on. in discussing the origin of his 1913 paper with Marcel 
Grossmann, Einstein insisted that the entire inspiration and scheme of that paper 
were his own, and that Grossmann had merely helped him in carrying out the mathe- 
matical programme envisaged by him.) 

In 1914, Einstein wrote on the formal foundations of general relativity theory 
(Sitz. Ber. Preuss. Akad. Wiss. 1030, (1914)), gave several lectures on the problem of 
gravitation and relativity, and published a paper with M. Grossmann on the general 
covariance properties of the field equations of the theory of gravitation (Z. Math. u. 
Phys. 63, 215 (1914)). During 1915, he published new ideas on general relativity, 
especially the application to astronomy with the explanation of the perihelion of 
Mercury. 

It was during 1915 that David Hilbert became actively interested in the general 
theory of relativity, aroused essentially by Einstein’s statements of 1914 on its formal 
foundations. At the end of 1915, Hilbert presented to the Géttinger Gesellschaft der 
Wissenschaften his first Mitteilung tiber die Grundlagen der Physik, and followed it 
with his Zweite Mitteilung at the close of 1916. Both of these papers held great excite- 
ment for Felix Klein, who was led to a more compact formulation of Hilbert’s calcula- 
tions with the help of the old and trusted method of Lie’s infinitesimal transformations. 
In 1924, Hilbert himself gave the final, simplified formulation of his two earlier 
Mitteilungen on the foundations of general relativity. (Math. Ann. 92, 1-32 (1924).) 

Einstein’s theory of gravitation is founded upon the tensor equation 


Rap — GapR = 8x (G/c*) Tyg. 


These ten equations have between them four identities, four equations that really put 
no condition at all upon the geometry because they are automatically fulfilled whether 
these (above) equations are satisfied: 


(R™? — g**)R., = 8(G/c*) TH. 


This was the feature of the Einstein equations that was discussed by Hilbert (20 
November 1915): Since the ten differential equations leave a freedom of four arbitrary 
functions in the sojution, they cannot be entirely independent, but must have four 
inner relations. These relations are a consequence of the Bianchi identities for the full 
Riemannian tensor, and are generally(?) known in the form of the condition that the 
Ricci tensor be divergenceless. 

Therefore, there are only six net equations for the ten quantities g,,. This circum- 
stance at first drove Einstein away from the final form (25 November 1915) of the 
field equations (Preuss. Akad. Wiss. Berlin; Sitzb. 844 (1915)), so that his preliminary 
publication (Preuss. Akad. Wiss. Berlin, Sitzb. 778 (1915)) put forward equations of 
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the form (11 November 1915), 
R,y = 4n(G/c*) T,,. 


Hilbert (Gesell. Wiss. Gottingen, Nachrichten, 395 (1915)) pointed out that the 
equations set up to determine the g,, would be quite unacceptable if they were really 
expected to determine them. What is really relevant, and what should be determined 
is the geometry and curvature of space-time. What coordinates we use to describe the 
geometry should be immaterial. If the equations were completely to determine the 
ten g.,, they would tell us not only the geometry but also, unhappily, the coordinates 
in terms of which that geometry is expressed. However, we know that only the interval 
between one event and another (between one crossing of world lines and another, for 
example) has any real significance: 


ds? = Jap Ax" dx’. 


How one draws coordinate surfaces through space-time is a matter of paper work and 
bookkeeping, and has nothing to do with real physics. 

In his celebrated paper on ‘Die Grundlage der allgemeinen Relativitatstheorie’ 
(Ann. d. Phys. 49, 769 (1916)), Einstein mentioned (p. 810): ‘Die Feldgleichungen der 
Gravitation enthalten also gleichzeitig vier Bedingungen, welchen der materielle Vor- 
gang zu geniigen hat. Sie liefern die Gleichungen des materiellen Vorganges voll- 
standig, wenn letzterer durch vier voneinander unabhangige Differentialgleichungen 
charakterisierbar ist.” At the end of this sentence, without pursuing this point further 
in detail, Einstein gave reference to Hilbert’s work in a footnote, referring especially 
(and only) to p. 3 of Hilbert’s 1915 paper in the Géttinger Nachrichten. 

Hilbert, in retrospect, could not have been satisfied by this weak reference to his 
work. In a sense, Einstein had ‘appropriated’ Hilbert’s contribution to the gravita- 
tional field equations as a march of his own ideas — or so it would seem from the reading 
of his 1916 Amn. d. Phys. paper on the foundations of general relativity. In his article 
on ‘Die Grundlagen der Physik’ (Math. Ann. 92, 1-32 (1924)), in which Hilbert 
brought together his two earlier communications on general relativity, he wrote: ‘Die 
gewaltigen Problemstellungen und Gedankenbildungen der allgemeinen Relativitats- 
theorie von EINSTEIN finden nun, wie ich in meiner ersten Mitteilung ausgefiihrt habe, 
auf dem von Mie betretenen Wege ihren einfachsten und natiirlichsten Ausdruck und 
zugleich in formaler Hinsicht eine systematische Erganzung und Abrundung. 

‘Seit der Verdffentlichung meiner ersten Mitteilung sind bedeutsame Abhand- 
lungen tiber diesen Gegenstand erschienen: ich erwahne nur die glanzenden und tief- 
sinnigen Untersuchungen von WEYL und die an immer neuen Ansatzen und Gedanken 
reichen Mitteilungen von EINSTEIN. Indes sowohl WEYL gibt spaterhin seinem Ent- 
wicklungsgange eine solche Wendung, dass er auf die von mir aufgestellten Gleichun- 
gen ebenfalls gelangt, und anderseits auch ErNSTEIN, obwohl wiederholt von abweichen- 
den und unter sich verschiedenen Ansatzen ausgehend, kehrt schliesslich in seinen 
letzten Publikationen geradenwegs zu den Gleichungen meiner Theorie zuriick.’ [My 
emphasis. } 
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‘Ich glaube sicher, dass die hier von mir entwickelte Theorie einen bleibenden Kern 
{my emphasis] enthalt und einen Rahmen schafit, innerhalb dessen fiir den kiinftigen 
Aufbau der Physik im Sinne eines feldtheoretischen Einheitsideals geniigender Spiel- 
raum da ist. Auch ist es auf jeden Fall von erkenntnis-theoretischem Interesse, zu 
sehen, wie die wenigen einfachen in den Axiomen (I-IV) von mir ausgesprochenen 
Annahmen der ganzen Theorie geniigend sind.’* 

Einstein did not entirely (or at all!) favour the developments of general relativity 
pursued by Weyl. By 1924 Hilbert had decided that, in spite of what Einstein and 
Weyl had wrought, his own contributions ‘einen bleibenden Kern enthalten’. Hilbert’s 
own goal, even in his earlier researches, had been to build a unified theory of electro- 
magnetism and gravitation based upon the work of Mie. To this end, Hilbert made 
use of Hamilton’s principle, applying it to an arbitrary function of the gravitational 
potential and an electromagnetic four-vector, invariant under an arbitrary transforma- 
tion of the coordinates. On the basis of a remarkable property of the variational equa- 
tions, four equations are obtained, connecting the electromagnetic and gravitational 
quantities. 

The undeclared goal of Hilbert’s two communications of 1915 and 1916 was to 
build a field theory of atomic nuclei and electrons, something in which he also did not 
succeed. What did still remain, of course, even as late as 1924 (or, for that matter, 
today) was ‘ein bleibender Kern’ — the fact that Hilbert had provided the form of the 
Einstein field equations for gravitation, as well as the inner conditions by which they 
were determined. 

Your question is therefore quite to the point, and I hope I have provided the 
historical background. Hilbert had indeed provided the rigorous mathematical 
arguments for the form which the gravitational field equations were to obtain. Ein- 
stein absorbed these arguments in his great paper of 1916, just as he absorbed other 
things on several occasions. Hilbert had the vision of a unified field theory before 
Weyl and Einstein, and in this respect he was also the earlier failure. He had the 
dream of a universal law accounting both for the structure of the cosmos as a whole 
and of all atomic nuclei. 

As for the form of the gravitational equations in which Einstein finally presented 
them in his 1916 Ann. d. Phys. paper on the foundations of general relativity, and 
which Hilbert had derived in his Géttingen Nachrichten Mitteilung, the dates for the 
priority are instructive. Einstein presented his communications of 1915 to the Berlin 
Academy on November 4, 11, 18, and 25 respectively, while Hilbert’s first Mitteilung 
to the Géttingen Gesellschaft was on November 20, 1915. Hilbert’s communication 


contained the result which Einstein used later.** 
You ask: ‘Is there a reason no one seems to mention this now?’ — that is, Hilbert’s 


work on the foundations of general relativity and the theory of gravitation. The only 


* Hilbert was very pleased with the geometrical abstraction and its beauty in Einstein’s theory. He 
recommended Einstein in 1915 for the third Bolyai Prize ‘for the high mathematical spirit behind all 
his achievements’. This prize had been awarded first to Poincaré and then to Hilbert. 

** Einstein used Hilbert’s result in his 1916 paper (Received 29 March 1916). 
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reason, probably, is that people do not read the literature. Another reason is the 
sociology of science, the question of the cat and the cream. Einstein was the big cat of 
relativity, and the whole saucer of its cream belonged to him by right and legend, or so 
most people assume! Still, I am very glad that you have raised the question. 

By the way, the mathematical tradition of Géttingen from Gauss to Hilbert formed 
an important background of the work on quantum mechanics done there. It might 
perhaps be appropriate to discuss Hilbert’s contributions to physics. I have got a copy 
of the notes of Hilbert’s lectures on the mathematical foundations of quantum 
mechanics, and they make fascinating reading. I expect to use these to discuss Hilbert’s 
interest in the structure of matter. 

It might amuse you to know that the first problem of physics which Hilbert decided 
to work on seriously was the problem of the kinetic theory. He dealt with the problem 
of collisions in the Maxwell—Boltzmann distribution function, and this was the occa- 
sion to apply the theory of integral equations that he had developed to the problems 
of physics. A fact that is perhaps not known is that David Enskog attended Hilbert’s 
lectures in GGttingen in 1912/13 and wrote his thesis in Uppsala in 1917. Chapman 
became familiar with Enskog’s work only several years after he had done his own 
work independently. Enskog did not mention in his thesis that he had benefited from 
Hilbert’s lectures, although the latter served as a point of departure for his work on 
the kinetic theory of non-uniform gases. Once it occurred to me, on the basis of the 
formal similarity between Hilbert’s and Enskog’s work, to explore whether Enskog 
had come in contact with Hilbert. I found Enskog’s name, after some search, among 
those who had taken Hilbert’s course on the kinetic theory. 

With my best regards, 

Sincerely yours, 
Jagdish (Mehra) 
Professor Eugene Wigner 
8 Ober Road 
Princeton, New Jersey 08540 
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EINSTEIN, HILBERT, 
AND THE THEORY OF GRAVITATION 


by 


JAGDISH MEHRA 


General relativity theory, the modern theory of gravitation, more than any 
other theory in physics, is connected with the name of a single personality — that 
of Albert Einstein. P. A. M. Dirac has called it ‘probably the greatest scientific 
discovery that ever was made’. 

Contrary to the lore which has become widespread even among ‘general 
relativists’, Einstein did not develop his ideas on gravitation in isolation or in 
a vacuum of response from eminent physicists. As Jagdish Mehra shows in this 
essay, Einstein had the full benefit of the cut and thrust of scientific discussion 
with some of the first rate minds in the development of his general relativity 
theory. Indeed, there were times when lost debates spurred him on to greater 
effort. 

Simultaneously with Einstein, and independently of him — and, in fact, a few 
days before Einstein ~ David Hilbert, the great mathematician, presented the 
final form of the field equations of gravitation to the Gottingen Academy of 
Sciences. Hilbert’s axiomatic formulation of the foundations of physics sought 
to unify gravitation and electromagnetism in a single mathematical scheme 
before such a program was pursued by Hermann Wey] and later on by Einstein 
himself. 

In this remarkable study Jagdish Mehra relates the intellectual history of the 
fascinating period from 1907 to 1919 when the foundations of the modern 
theory of gravitation were laid. It is the story of two intellectual giants of the 
twentieth century, and it throws new light on their scientific temperaments and 
personalities: Albert Einstein, the successor of Newton; and David Hilbert, 
the inheritor of the great Gottingen mathematical tradition of Gauss and 
Riemann. It is an evocation of scientific creativity at its best. 


Audience: Einstein, Hilbert, and the Theory of Gravitation is an important 
chapter of intellectual scientific history of physics in the twentieth century, 
and should appeal! to all physicists, mathematicians, and historians and philos- 
ophers of science. 
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